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1. Introduction

Nanowires are one - dimensional structures, where that their two dimensions are limited from
Nano order and its one dimension is unlimited and expands to micrometer. When the temperature of
metal nanowire is so much low, the electrons occupy in the lowest quantum levels [1]. By comparing
of electrons and ions, we find out that ions are heavier than electrons and so; electrons move very fast
than ions, therefor the internal pressure of wire caused by moving of electrons. In fact, the density of
electrons is too much and so the conductive electrons are not related to ions and move freely.
Therefore free electrical gas with relativity electrons is a good module to find the energy and pressure
of nanowire [2]. As before mentioned, we consider the metal nanowire like interacting electronical
gas in the field of positive ions in a cylinder with radius R and length of L, where R «< L. In this
article we do the calculation regarding to electrical gas at zero temperature and presence of a magnetic
field that its direction is parallel to the axis of cylinder. Calculations regarding to multi particles
system are in two main parts. First part is regarding to interacting of particles with external field that
is completely solvable; but the second part involves the interacting of particles among themselves.
View point of technical, calculation of multi particles is unsolvable and difficult. So; we use the
approximation method that density matrix is one kind of these methods [3]. Density matrix provides a
suitable method to describe quantum multi particles system [4].
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2. Analytical solution method for one metal nanowire

Here we consider that the nanowire is similar to long cylinder, now for a particle which is

surrounded in a cylinder with length of L and radius of R that its Hamiltonian is as:
2

P
H=——+V
2m+ (x,y,2)

The potential V (X,Y,2)=V (F) then this potential can be written as,

0—> p<R

v(r)z{ W)

o—> p>R

We have p=+/x"+Yy’ and also it is suitable to describe in cylindrical coordinates I’ = ( 0,0, Z). It
is the main point to find out the solution of Schrodinger equation in cylindrical coordinates,

Hy = Ey (2)
For solution, substituting Hamiltonian in Schrodinger equation can be written as below equation
P2 2
H :—-I—V(F) = H=——V’
2m 2m

Thus in equation (1) p< R we get V (F)=0 and substituting Hamiltonian in equation (2)

h2
2m

Viy =Ey (3

For solution of equation of (3) we can write V ¥/ in cylindrical coordinates

Vzl//:li a_l// +L82_V/+62!//
pop\" op ) p*oe* oz

By substituting V2I// in equation (3) we get

2 2 2
Oy Lov, 10y, Py, n
op~ pop p 00" 0 h

Ey=0 (4)

To solve equation (4), for separating of variables, we change them
v =R(p)0(0)Z(2) (5)
By substituting equation (5) in equation (4) we get

2 2 2
8R2+L@+ 128(/2)+la§+K2:0
Rop™ Rpdp @p 00 Z oz

For calculation of variables we can write as follow

102 _ o

7 o’ ’
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0°Z

P +K;Z=0=2Z(z)=e"* (6)

2
=>—+ol’=0=>p=¢" (7)

006 06

In equation (7) | is quantum number of angular momentum.
2 2

6F22+i8_R+ ﬂz_|_2 R=0 (8)

op~ pop P

In equation (8) ,U2 =K?*- KZ2 and K? = ;—T E are described.

To change the equation (8) in form of standard in Bessel equation, we put X = 10 where the

result is Bessel equation.

2 2
d—R+1d—R+(1—I—jR:O (9)

dx? x dx x?2

Equation (9) 1s standard form of Bessel equation that its answers are Bessel functions.

w1 = \ (3 SR )

m 000Y) T

Also we study the roots of J, (X) as follow,

J(x)=0= x=x, ,3(x,)=0 n=1,2,

X, is n root of J, (X) . For the first few values of quantum number [, the three first of roots are:
I=0= JO(XOn) =0 >X,, =2.405 , X, =5.52

|=1:>J1(X1n):O —X,=3.832 , X,=7.016

I=2= le(xzn)zo X, =5.136 , X, =8417

X, are roots and numbers.
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For the above roots, the asymptotic formula x, [ nz +(l —%)% gives sufficient accuracy.

1.7 3«
X, =7+(0——)==""
ol ( 2)2 4

U= Xin X,, = au , in terms of physics d is radius of cylinder but in terms of mathematics a is
a

only a number.
X .
3,(0) =3, (p) =R (p) - Jl(f p] if:a=p3,(%,)=0

According to the above results, we can write general wave function as follow.

Prix, = A, e"%e"*J, [Xm /0] (10)

a

Here Aﬂ is constant of normalization that for its calculation can use the following equation.

A, =#(Xm)fpdp f(p)J, (%pj

f ( p) is an optional function which is considered as follow:
f(p)=YAG |2
(P)=2 AN 1P
= d
By calculation of Aw,l the equation of (10) can be written as,

- ) (%pj (1 1)

In

Puis, =
Y Jra’Ld, (

And also according to boundary conditions R (a) =0 spectrum of energy can be obtained by
the following equation.

2 X 2
E :h—((i + k2 (12)
2ml\ a
If the numbers of electrons in nanowire are more than one and two, their energy can be calculated

as following.

In state of base system quantum numbers are, | =0 « n=15 m=0. As we know from equation
(12), the energy of a free electron is,

GSJ© 2022
www.globalscientificjournal.com



GSJ: Volume 10, Issue 6, June 2022
ISSN 2320-9186 2102

Ezh—2 [ﬁj2+k2
2m| { a ’

If this energy to be generalized for N electrons,

2 2
E,= > . (ﬁj +k?

k, ,1.n.s 2me a

For calculation of N electrons the sigma sign changes to integral

k
- gL
for->1=0,n=1 , - 9—de , g=2
kz,lz,n,s '(').27[
k 2
2L ¢ A | X
E,=— | —|| 2| +k |dk,
275 2m |\ a

(% ) L L
E, = ol —k, +—k? 13
0 2mi(a)zzf 37 f} (13)
To determine number of N electrons by following equation

K¢

N :én(lz): jg—"olkz =N :%kf (14)

5 27
k
N =£kf —>E=—f=p
T L =«

To determine average energy at zero temperature

E_ W (%) 7 KL 7z

N 2m\a) =~ Lk 37 Lk
> 2 2

Eo _ h |:[Xolj +k_f:| (15)

N 2m, a 3

As before we have x, = 37” and by substituting of this equation in equation (15) we can get,

3 0V (N_Y
E _ # || 4” +(L”]
N 2m.|| a 3
3: h2 _(3_72.)24_('0”-)2 (16)
N 2m, |\ 4a 3
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3. Calculation of total energy of nanowires by density matrix method

In this part according to interacting of electrons, we can compute the energy of nanowires. For
computation of energy of this system, temperature is considered zero. It is necessary to mention that;
in calculation we use from zero temperature conditions.

Hamiltonian operator in Schrodinger equation formed from interacting of one and two electrons,
it means that the operators only depend of one and two electrons coordinates. For calculation of total
energy it is not necessary to know wave function 3N dimensions and it is enough to know density of
possibility two electrons, one electron at r; and another at ;.

The Hamiltonian for an electrical gas which has interacting is as below

H = ZU( )2V @ (17)

i<j

Here U (T ( ) the energy of single particle which is included from kinetic energy and energy of

between electrons and ions and V ( s ])is interacting energy among electrons.

2

U(M)=vivu(r)  (19)

2

. 1 e’ AP —€ Z,
Whil F,F)= , u(r)= -
ile V(W) 4, )| (F) 475, TR,

S

Here Z, and R, respectively are atomic number and position victor to every ions.

As before mentioned, to obtain energy we can use density matrix method, because for wave
function N particles for interactive particles is N ~10% it is like another interesting concepts of
physics complicated and not possible to explain the N particles system completely. Here we introduce
some quantities which is said density matrix. These quantities, according to wave function of multi
particles of ¢ by integration on additional information is explained.

The first order of density matrix according to wave function of multi particles can be introduced
as,

7, (Mo’ 86,)=N X [o' (re",56,, K6y )
(0(?6 1,G,, 1 Oy )dF -, dry (19)
According to equation (19) the form of density matrix of body w1thout spin is written as,
y(ﬂ,ﬁ)=z/a(?'la,ﬁ5l) (20)

If substitute equation (19) in to equation (20),

]/(rl, ) N z I(p (rlo'l,raz,-,fN&N)

G1, Gy
X¢(ﬁ0_:1’F;62"“9FN&N)dFZ"nﬁdFN (21)

Also the second order of density matrix is written as,
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oo T T S S _1) o
FU(F1O'1,F 20‘2;!’10'1,I’20'2) z I ( 10'1, 20‘2,['0'3, ‘-,rNO'N)

X¢(ﬁ5‘1,@5'2,---, N6N)dr;""’drN (22)
And the form of without spin is as,

F(r L 6 ) ZF (r 10, r 20,; f(}l,rza'z) (23) Substituting equation (22) in

equation (23) "
F(Fﬁ,?z;ﬁag)zw Z _[(0 ( 10'1,r252,ra3, "’rN&N)

61,672,603,

X(/’(Flg'prza'za“"rNO-N)drsa"'»drN (24)

3-1 Total energy of system according to density matrixes
In this part energy of system according to density matrixes which is introduced above, we will
explain. Energy state of system according to wave function of total system of ¢ is as below,

E=<p[H|p>= [ Hpdr--dr,

spin or

E=<gH|p>=0 3 [¢'G6. .16 )HeG 6. ,6,)didf, — (25)

From equation of (25) expectation Hamiltonian quantity can be obtained according to density
matrixes. To obtain Hamiltonian, substitute equations (17) and (18) in to equation (25).

_ o, —i’ _ _ - . _ _
E —<go|H|go>— DZ Z j(p (rlo],---,rNO'N){me+ui(ri)}(o(rlal,--~,rNO'N)dl’l---drN

=15,

+H1Y Z I _[¢7 (f 6,1, O'N)V(,, J)go(ro-l, -, T G\ )T - dF,

i<j &,

After simplification, we can get,

. _hz - * 0 - o o RN . .
E:Idﬁ {%Vfwl(ﬁ)}'\' ‘ZA JI€9 (1 6,50, oy (T 0'15""rNGN)drz"'drN}

§=h

Z j j(ﬂ (I‘ 0'1,1‘202,1‘0'3,' rGN)

01,072,035

(T G, T, Gy, T, Gy, G AF--dR Y. (26)

i =%

If substitute integrals from equations (21) and (24) that respectively density matrixes not related
on spin first and second orders, in equation (26), we get below equation.

+deﬁdF2V(F1 F)F(rl,rz,F f) = ()5 2022
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The expression of two particles Z\/ (f;,T;) only related to density matrix of diametric element of
i<j

two bodies, so we can write the equation (27) as follow;
| R ~ . ey (e -
E=Idn{%Vf+U(n)}7(n,n)\ﬁfl+Hdndr2V(n,rz)F(n,rz) (28)

At first, for calculation of this integral, must calculate the density matrixes of )/(ﬁ, fl) ,and

F(ﬁ, r, ) These matrixes are accurately countable by wave functions multi particles.

We form, the wave functions in the shape of states of single particle determinant that density
matrixes takes simple shape. This matter at first time accepted by Dirac.

p(1o) - oy O_:N)
P(E G,,---,T,5y) = IN' (p2(r:10'1) (Dz(rrxi oy) (29)
¢N(f15-1) ¢7N(fN &N)

We use equation (19),

7, (Mo'ig ) =N 3 o' (Fo',.56,.0 16y )

03, 0N

substitute equation (29) in equation (30)

- — N . . e L P
7U(r’10'1,n01)=m‘2 j...J'drzp...,drN. 2. i ®, (r'o")e;(,0,)

i, 1.kl

XX E L aEeeEe) ()
ikl
Also we have that,

> Jdre’ (Gone,(R6) =5,  (32)

If we use equation (32) in equation (31), we get;

o T N * T - =
7a(r 101,'&01)=mz Z CikEi e Pi (ro'ne, ( Gl)é‘ij'é‘kk'é‘lll

Sk K,

After simplification,
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70( 161,[‘0‘) Z¢i*(F’1g')¢i(ﬁ&1) (33)

Equation (33) shows the relation between density matrix of first order and wave function of
single particle.

If there is no relation on spin, we can proof by summation of spin,
7o (Mo.6 ) = e (Mo E6)
Zn GERCAE ZZ(A*(F&&I)(A (5
7(rr, )= :E::E:qz (e Emln,
y(ron)= Yol e (34)

Also for calculation of density matrix of second order which is appeared in integration of
equation (28), we calculate by substitution of equation (29) in equation (22).

L N(N -1 e
1“6(r'lo-'l,r'za’z;rlo-],rzo-z):(T) z jq) (r’1O"l,f'zO"z,r3O'3,-",rNO'N)
Gy, 0y

Qi

X(D(ﬁ(}l’F;&Z’“"rN N)drw'”vdFN

_ - — N _1 e 7 T, W T, o - -
FO_(r’lo-,l,r’20’2;ri5_1,r;6'2):(T Z I.--jdﬁ,---,dFNW (rrlall,r’20,2,r303,"‘,rNGN)

Xy (16,,5,0,,+,[0y)

o S e Sy S 1 N - - i -

Fo‘(r 101,20 xr@Jf%)Zg{[Z% (rvo’ e (x 0_1):'|:Z§Dj(r 262)¢j(r252):|
i ]
{Zgof(r*ﬂ?l)(pi(@@)}{2@(?292)@- (i 61)}} (35)
i i

We add 5'1 and O » on both side of equation (35);

2.1, (ri0",120"76,,1,, ) = {Z‘,Zwi*(ﬂ)qoi(ﬁ)ﬂ;nq}{2240}‘(7'2)40,-(@)77;74

1,02

61,6, | 61,6, |

—;{ PN A )77517762}{ > 0 (r)e(E )nc,ﬁq}}

After simplification, we get:

r(Pl,F'z;ﬁfz)=%{Za*(r“'l)@(fl)Zq»;f(F'z)co,-(@)—%Z@*(Pl)@(mzfp]f@zm,-(ﬁ)}
i j 1 ]
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() - (P (Pae)- (P} Go

Density matrix of second order is related to diametric element and equation (36) can be written
as;

|

-l
<
-

1

)7 (% F,) ——I:}/ (F,F,) ]2} (37)
Also, density of particles po(7) is:
. . . . . 2
:N<z< I...J.drzj...’drN |¢(r1619'”’rNO-N)| (38)

If equation (38) with diametric state is compared with equation (21), we will obtain;

7( ) po( )&7( ) po( )

By this result, equation (37) can be written as:

1

f(ee)=3 {0010 ®)

As before mentioned, for calculation of integral equation (28) must density of matrixes y(ﬁ, ?,)

and F(ﬁ, r ) are calculated, as equation (34) is seen, we must use the wave function of single particle
in cylindrical coordinates as before in part of calculation of nanowire without interacting, equation

(11) was obtained.
|I9 ik, ZJ ( pj
(Xln ) a

AGRIEDXACOTIE

]
Jraild

qon,l,kZ (,09 6: Z) =

1+1

1

y(rll’ﬁ)_n% ma?L[J,.(

—il6, —ik,z X|n ! 19, 41k, z Xln
e Meen] | Ty leltgien ] | T 40
]z I(ale |(ap1j ( )

in equation (40) If we change, the summation to integral

I+1

- L | -ilg 5-ik, 7, Xn ' i16, nik,z, Xn
}/(rlarl)zj‘%dkl :|2e lee “ J|(jp1]elaek J'(jplj

ra’L [, (%,)
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K
PATAYNS. ! -il6 5-ik,2, Xin ' 416 4ik,z, Xin
;/(r 1,"1)_ 27'a’ 4 I:‘JI+1(XIn):|2 ?‘;dkze ° Jl[jplje ° Jl(jplj

2108

1

K¢
- _ 1 X Xin ~ilg| ilg, “ikZ) ik, 2,
(o e U G S

As before mentioned, our goal is to gain the energy of base state at zero temperature. So n =1
and |=0, and equation (41) is written as;

k
- 1 1 X, X ! o
"F = J 01 J 01 dk i(z,—-2))k,
}/(rlarl) 27[2&2 I:JI(XOI)]Z O(aplj O(aplj'g Ze
= 1 1 Xy X 1 i(2-7
",T )= J 01 J 01 [ i(z-2)k; _1}
7/(“"1) 2 rla [Jl(XOI)]Z OLapl) 0( jI(Z —Z) €

— _\ 1.7835 9ar* pt  8lzt p!
7(r1,1) (1— p—l—f- p—l

JEpE 64 a 16384 a'

2 . .
- p Slelpl L 1 ,[e'wwkf _1] (42)
64 a’ 16384 a* 1(2,-2,))

If in equation (42), I = I is placed,

7('71,F1)::00(r1):p0

On the other hand, for density matrix of two particles is obtained.

o ) o IS Ir
r(r.n)= 2{/00 (r) ‘—[7 (7% }}3”%):5{1)&_5[7(n’r2)]2}
17835 | 97 pi  Slr' pl 2
o 1| 7%a’ 64 a’ 16384 a*
M (TLE) = - z . (43)

O p_12+ 817* ,01 Pi_ 1 | [ei(zl—z;)kf _1}
64 a* 16384 a’ (z,-2)

As before mentioned, by calculation of 7/(?’1, ﬁ)and I ( r,n ) , can find integral relation of

equation (28), as from equations of (42) and (43) these two matrixes are calculated. Now, we refer to
equation (28) means before obtained total energy of system.
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We replace the equations (42) and (43) in integral relation (44) and the numerical solution has
done this integral and the results has described as graphic.

4. Discussion and conclusion

Here, we discuss about the thermodynamic properties of metallic nanowires and the integral
relation of (44) is calculated in form of numerical that use for all properties. In all calculations, the
radius of wire is considered10nm. In figs of (1), (2) and (3) the amount of kinetic energy per particle,
amount of interacting energy electron-ion and amount of interacting energy electron-electron per
particle according to different densities is drown. As it is observed, the amount of kinetic energy per
particle increases by increasing density; but the amount of interacting energy electron-ion and amount
of interacting energy electron-electron per particle decrease by increasing density. In following figs
observed that the curves of energy have not minimum point. It means that the system is not bound.
The result which come out form these three figs; the total energy are made from these three energies.

0.14 |-

0.12 |-

0.08

0.06 |-

0.04 |-

0.02 L " L " 1 . 1 " 1 a L
0.5 0.6 0.7 0.8 0.9 1.0

Densily (1/nm)

Energy (eV)

Fig. (1): amount of kinetic energy per particle

-0.0148

-0.0149 |-
_0.0150 [
-0.0151 |-
-0.0152 _—

-0.0153 |-

Energy (ev)

-0.0154 |-
-0.0155 |-
~0.0156 |- TTe—

-0.0157 |-

_0_0158 i 1 1 1 i 1 1 i 1
0.5 0.6 0.7 o.8 0.9 1.0

Density(1/nm)

Fig. (2): amount of interacting energy electron-ion per particle
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0.0015 |-

0.0014 -

0.0013 |

0.0012 |

0.0011 |-

0.0010 -

1 i 1 A 1 i 1 i 1 i [
0.5 0.6 0.7 0.8 0.9 2.0
Density (1/nm)

Fig. (3): amount of interacting energy electron-electron per particle

But; the basic difference between two interacting energy observed as; the amount of interacting
energy electron-ion is per negative particle and the amount of interaction energy electron-electron is
per positive particle.

Right now, we have to study the behavior of total energy of system per particle and draw its
diagram. In fig (4) the total energy per particle according to different densities is drawn and the result
is as: this energy increases by increasing density and also its curve has not the minimum point, it
means that the system is not bound. If to see the behavior of total energy per particle, it is similar to
kinetic energy per particle. But; there is difference between these two energies, the total energy per
particle is smaller than the kinetic energy per particle. Its reason is completely clear, the amount of
interacting energy electron-ion and electron-electron is a small part of kinetic energy.

0.08 |-

0.06 |-

Energy (ev)

0.04

0.02

0.5 0.6 0.7 0.8 0.9 1.0
Density(1/nm)

Fig. (4): total energy per particle
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The pressure of system can be calculated from the following equation:

P’ AE(p)/N) (45)

P(p) =
(») @ op

In fig (5) the pressure according different density is drawn. It is clear on the fig that the pressure
increases by increasing density.

0 0009

0. 0008
0.0007 .—
0 ._0006 —
0.0005 -
0.0004 —

0.0003 -

Pressure (ev/nm)

0.0002 |
o0 ooa1 |- P

0.0000 : 1 N 1 . 1 . L N L . 1
0.5 0.6 0.7 0.8 0.9 1.0

Density (1/nm)

Fig. (5): pressure according to density (equation state)
Incompressibility of system can be found as follow;
k = pm (46)
op

In fig (6) incompressibility is drawn according to different density and it observed that the
amount of incompressibility increase by increasing density.
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