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Abstract

The paper studies consistency analysis for (3+1) Dimensional Advection — Diffusion equation
with a mixed derivative. Taylor series expansion is used to generate the finite difference
scheme of Alternating Direction Explicit (ADE) scheme and Alternating Direction Implicit (ADI)
scheme. The two schemes are found to be consistent with the model equations.
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Introduction

Use of Advection — Diffusion equation in various fields of science like transport of heat,
sediment, ground water and surface flow pollutants are fully sufficient for researchers to show
interest in solving this equation. Many researchers like Bear [1] tried to propose analytical
solutions for these type of equations, but in recent years researchers like Beny [2] have shown
more interest thereby introducing numerical solutions to these kind of equations. As noted
earlier, most of the researchers showed interest to present numerical solutions for Advection —
Diffusion Equation instead of analytical solutions.

Brief review of work done by attention to the data was done by Young and et al [66] who
developed an algorithm to solve fully conservative, high resolution Advection — Diffusion
Equation in irregular geometries. In this algorithm they developed Finite Volume Method to
solve this equation. Bobenko [3] in order to numerically integrate the semi — discrete equation
arising arising after the spatial discretization of Advection — Reaction — Diffusion Equation
applied two variable step linearly implicit Runge — Kutta methods of order 3 amd 4 equations.

Chapra [5] used the Euclerian — Lagrangian localized adjoin method on non — uniform time
steps and unstructured meshes to solve the Advection — Diffusion Equation. Doyo [9] tried to
develop an algorithm by second and third order accuracy with finite with finite — difference
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method to solve the convection — diffusion equation. In this algorithm they used to counter
error mechanism to reduce numerical dispersion. One of the researchers that tried to solve
Advection — Diffusion Equation in implicit condition is Douglas [8]. He solved the equation with
Finite Difference Method by using the upwind and Crank — Nicolson schemes.

First,we derive the finite difference forms of ADE and ADI methods for the given model
equation and then present an algorithm for each method.

The model equation

The research examines the consistency of the Alternating Direction Explicit (ADE) scheme and
Alternating Direction Implicit (ADI) scheme for solving the (3+1) Dimensional Advection-
Diffusion equation

filx,y,2, t)a S+ (0.7, t)a S+ (0,2, t)a S+ iy, t) +f5(x Y2, t)—
fG(xry'Z't)EZCt (1)

which is used to model physical process of Advection-Diffusion in a (3+1) Dimensional system
such as one involving contaminant concentration in aquifer. The coefficients

filx,y,z,t), fL(x, v,z ), f5(x, v, 2z, t) fo(x,y,2,t) represent the diffusion parameters
(diffusivity) and f5(x,y, z,t) and fs(x,y,z,t) are the advection parameters (velocity). The
equation is parabolic and is derived from the principle of conservation of mass using Fick’s law
of conservation in fluid flow problems as presented by (Morton 1971).The Alternating Direction
Explicit(ADE) scheme developed for the equation is given by:-

4qule+kl 4CH_1] X 24Cl} kT 4Cln 1jk T 4C Lj+1k T 4C11,1j—1,k + 4Ci7?j,k+14CiT,lj,k_1 +
Citij+ige — Clnjmie — Citajenne + Citajore T 2qCH e + 290 41k (2)

and the Alternating Direction Implicit (ADI) scheme developed for the equation is given by:-

4qun]+kl + 4Cln';1] k 8Cln]'+'k1 4Cﬁ+_+11] k= 4innjk 16Cn kT 4Cl}+1 kT 4Cl} 1kt
4CT a1 HAC o1 + Cligjurge — Gl jmie — Citajenpe + Citajone +2qC e —
2qCt 1k +2qC] 410 — 29C] 1 (3)

Properties of numerical schemes

Many techniques are available for numerical simulation work and in order to quantify how well
a particular numerical technique performs in generating a solution to a problem, there are four
fundamental criteria that can be applied to compare and contrast different methods. The
concepts are accuracy, consistency, stability and convergence. The method of Finite Difference
Method is one of the most valuable methods of approximating numerical solution of Partial
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Differential Equations (PDEs). Before numerical computations are made, these four important
properties of finite difference equations must be considered.

(a) Accuracy: Is a measure of how well the discrete solution represents the exact solution of
the problem. Two quantities exist to measure this, the local or truncation error, which
measures how well the difference equations match the differential equations, and the
global error which reacts to the overall error in the solution. This is not possible to find
unless the exact solution is known.

(b) Stability: A finite difference scheme is stable if the error made at one time step of the
calculation do not cause the errors to be magnified as the computations are continued.
A neutrally stable scheme is one in which errors remain constant as the computation are
carried forward. If the errors decay are eventually damp out, the numerical scheme is
said to be stable. If on the contrary, the errors grow with time the numerical scheme is
said to be unstable.

(c) Consistency: When a truncation error goes to zero, a finite difference equation is said to
be consistent or compatible with a partial differential equation. Consistency requires
that the original equations can be recovered from the algebraic equations. Obviously
this is a minimum requirement for any discretization.

(d) Convergence: A solution of a set of algebraic equations is convergent if the approximate
solution approaches the exact solution of the Partial Differential Equations (PDEs) for
each value of the independent variable. For example, as the mesh sizes approaches
zero, the grid spacing and time step also goes to zero.

Lax had proved that under appropriate conditions a consistent scheme is convergent if and only
if it is stable. According to Lax — Richtmyer Equivalence Theorem which states that “given a
properly posed linear initial value problem and a finite difference approximation to it that
satisfies the consistency condition, stability is the necessary and sufficient condition for
convergence”

Consistency of the numerical schemes

The Alternating Directional Explicit scheme generated from the equation assuming that Ax =
Ay = Az = At = q and for somef;(x,y,z,t), f2(x,y,2,t), f3(x,y,2,t), fu(x,y,2,t) =
1and fs(x,y,z,t) and f¢(x,y,2,t) = % will be developed.

Consistency of Alternating Direction Explicit (ADE) scheme

We analyse consistency of the Alternating Direction Explicit (ADE) scheme for equation (1). A
Taylor expansion of the individual terms in this scheme of equation (2) will yield:-

1 1 1
Clt = oy t+48) = Clxy, ) + (AOC; + 5 (A6)?Cor + £ (A Crer + 5 (M) *Crper +

1 1
20 (At)>Creper + o (A)Crereee + -+ 0(AL) (4)
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Cliije = (x+A4x,y,z1t) = C(x, y,Z t) + (Ax)C, + l(Ax)ZCxx +%(Ax)3Cxxx +

1 1
24 (Ax)4cxxxx + 120 (Ax)scxxxxx 720 (Ax) Cxxxxxx O(Ax)7 (5)

1 1
in—l,j,k = (X - AX’, Y,z t) = C(X, Y,z t) - (AX’)CX + E(Ax)zcxx _E(Ax)3cxxx +
1 1 1
24 (Ax)4Cxxxx ~ 120 (Ax)scxxxxx + 720 (Ax)écxxxxxx + O(Ax)7 (6)

1 1
Clivie = (y +Ay,z,t) = C(x,y,zt) + (Ay)C, + E (Ay)2Cy, + E(AY)3C3’W +

1 1 1

22 (By)*Cyyyy + 120 (BY)°Cyyyyy + 720 (BY)°Cyyyyyy + -+ 0(8y)’ (7)

Climap =,y — Ay,z t)=C(x,y,z2 t) (Ay)C), + = (Ay)2 vy ——(Ay) yyy +
—(Ay) yy¥y ~ 120 (AY) yyyyy T 55 (AY) yyyyyy T 0(4y)’ (8)
Ci’fj'kﬂ =(x,y,z+Az1t) =

6y, 2,8) + (B2)C, + 3 (A2)?Cp + = (B2)* Crgy + 5= (82)*Crrzy + 5 (B2)%Crpgy +
—(82)%Cr222, + - 0(AZ) (9)

Clik-1=0yz—Az1t) =

1 1 1
C(x Yz, t) - (AZ)C + _(AZ)ZCZZ - g (AZ)SCZZZ + '2_4_ (Az)4czzzz B (AZ)S ZZ7Z7ZZ +

120

——(B2)*Cyz27 +++ 0(AZ) (10)

iT-ll-l,j,k =
C(x,9,2,t) + (AX)Cx F2BX)2Cy — < (AX)3Cryy + 5 (AX)*Cry — —= (AX) Crry +
— (D)5 Cn + -+ 0(Bx)” (11)
Cir,lj+1,k =
C(x%,y,2,t) + (BY)Cy + 2 (8Y)2Cyy — = (AY)*Cyyy + 5= (BY)*Cpyyy = — (BY)°Cyyyyy +
— (8Y)°Cyyyyyy + -+ 0(Ay) (12)

Clix=®yz21t) (13)

The scheme in equation (2) can be re-arranged and be written as

4qun]+k1 = 4qu]k + 4’anl]k 24qCUk +4C i,j+1,k +4Cl} 1,k +4Cl}k+1 +4Cl}k 1 +
i+1,]+1k Cl+1] 1,k + Cl 1,j+1,k Cl 1,j-1,k + qul+1] k + qul,]+1,k (14)

Adding equation (4) to equation (5) and multiplying by 4 while we let Ax = Ay = Az = At =¢q
will now yield

4(Cl+1] k + Cin—l,j,k) = 8(x: Yz, t) + 4qZCxx + §q4Cxxxx + - (15)

GSJ© 2019
www.globalscientificjournal.com



GSJ: Volume 7, Issue 7, July 2019
ISSN 2320-9186
937

Adding equation (6) to equation (7) and multiplying by 4 while we let Ax = Ay = Az =At =¢q
will now yield

1
4(Clpip + Clioyp) = 8(x,y,2,t) + 4G%C,,y, + ;q‘*nyyy + .- (16)

Adding equation (8) to equation (9) and multiplying by 4 while we let Ax = Ay = Az = At =
q will now yield

1
4(Cl]k+1 + l]k 1) = 8(x'% Z, t) + 4qZsz +§q4szzz + - (17)

Subtracting equations generated from finite difference equivalents of mixed derivative terms
while we let Ax = Ay = Az = At = q will now yield

( ir-l|-1,j+1,k - CiT-ll-l,j—l,k) = Zqu + quny + q3Cxxy + (18)

Subtracting equations generated from finite difference equivalents of mixed derivative terms
while we let Ax = Ay = Az = At = q will now yield

1
(Ct —1,j-1k Cin—l,j+1,k) = _q3Cxxy - §q3cxxx + ZqZny —2qC, — 2qCy + -+ (19)

Adding equation (4) to equation (5) and multiplying by 2 while we let Ax = Ay = Az = At =
q will now yield,

2q(Cliajn + Cljan) = 44C(x,y,2,0) +29°C, + 29°Cy +4°Cor + ¢°Cyy + -+ (20)
Multiplying equation (12) by -24 will give

—-24 th = —24(x,y,z,t) + - (21)
Multiplying equation (3) by 4q will give
—4qu”]+k1 = —4q(x,y,z,t + At) = —4qC(x,y,z2, t) — 4q(At)C, — 2q(At)?*Cy —
q; (At)3cttt —q % (At)*Cyer — 930 (At)scttttt +q— (At)6Ctttttt -+ 0(At)’ (22)

Substituting the RHS of equations (14), (15), (16), (17), (18), (19), (20), and (21), into the ADE
scheme in (2) will now yield

180

4q*Cyx + 49*Cyy + 4q%C,y + 2q%Cyy + 2q°Cyyy + 2q%Cy + 2¢°C, — 4q%C + 8(x, v, 2, 1) +
1 1 1

§Q4Cxxxx + 8(x,y,z,t) + Eq“nyyy +8(x,y,z,t) + §q4szzz + 2qC, + q*Cyyy — 29C, —
Zqu + 4‘CIC(X, Y t) - q3Cxxy + q3ny - 24‘(X, Y, Z, t) - 4CIC(XJY» t) - 2q3Ctt - 2q4Cttt -
1

gqsctttt =0 (23)

Dividing equation (23) by 4q? gives
1 1 1 1 1
Crx + ny+CZZ + Gy +5C 450 = G+ S 0% Coer + 550 Cryyy + = 4% Crzzz + g Cx t
1 1
" ny tht - qucttt - Zq3ctttt + 0((Ax), (Ay), (Az), (At)) =0 (24)
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Thus the error El]  for the scheme in equation (24) is

1 1 1 1 1 1 1
qucxxxx + 12 —q nyyy + q CZZZZ + ZCx + Zny - Etht - qucttt - Zq3Ctttt +

0((ax), (4y), (42), (A1) = o (25)
Consistency of ADI Scheme

We analyse consistency of the ADI in the equation (3). A Taylor expansion of the individual
terms in this scheme of equation (3) are represented by

Clle = (+Ax,y,2,t + Ax) = C(x,y,2,t) + (Ax)C, + (AD)C, +%(Ax)2Cxx +
1 1
(Ax)(A)Cyp + 5 (AD)?Cy + < (%) Cry - 0(Ax)* (Ax)* (26)

e = Ly, zt +Ax) = C(x,y,2,t) + (A)C, + - (At)tht + - (Ax)3Cm —(At)“Ctttt +
E(At)scttttt + %(AX)GCtttttt O(At)7 (27)

CPle = (x = Ax,y,2,t + A) = C(x,,2,) — (AX)Cx + (ADC, + 5 (Ax)2Cy —
(Ax)(ADCye + 7 (A2 Cyp — = (AX)* Cy .. 0(AX)*(Ax)* (28)

1
Cﬁ,tll k= (Y +A%,72,1) = 6(x,y,2,t) + (BY)Cy + - (A9)2Cyy + = (8Y)*Cyyy +
1 1
Z (By)*Cyyyy + 2o (BY)°Cyyyyy + 720 (BY)°Cyyyyyy + -+ 0(A8y)’ (29)

1 1
Clnj 1k = (x,y - Ay;Z:t) = C(x Yz, t) L (Ay)cy +E(AY)2ny I, E(AY)3nyy +
22 (Ay ) Cyyyy — 20 (Ay P Cyyyyy + (Ay )Cyyyyyy =+ 0(8y)’ (30)
Cliksr = ¥,z + Az, t) =
C(0,y,2,t) + (B2)C, + 5 (B2)%Cpp + = (82)*Cppy + 5= (B2)*Crpzy + —= (B2)5Crras +

%(Az)6CZZZZZZ O(AZ)7 (31)

Cg:lj,k—l = (xF y;Z - AZ, t) =

1 1 1
C(x Y,z t) - (AZ)CZ + E(AZ)ZCZZ - E(Az)chZZ + Z (AZ)4CZZZZ - KO (AZ) szzzz
% (AZ)6 ZZZZZZ O(AZ)7 (32)
ljk = (x,y,2,t) (33)

Clyjirse = (X + Ax, 0y + Ay, z, t) =C(x,y,z2, t) + (AX)Cy + (B8,)Cy + 2 (AX)2Cr +

Cxxy (34)

Clij-1e = (x +Ax,y — Ay, z,t) = C(x,y,2,t) + (Ax)Cy — (Ay)Cy +%(Ax)2Cxx -
(Ax) (Ay)Cyy + 82 (A” Cyy + B @’ 30y (A") & oy + (35)
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Clijirir = (x—Ax,y +Ay,zt) = C(x,y,zt) + (Ax)C, — (Ay)Cy +%(Ax)2Cxx -
(Ax) Ay

A A
(Ax)(Ay)ny +—= ( y) C DIk y) Cxxx -3 Cxxy : (36)

Clyjorn = (= Ax,y — Ay, z,t) = C(x,,2,t) — (AX)C; — (By)Cy +5 (BX)?Cyp —

A Ay)3 Ax)2A
(Ax)(Ay)ny +—=— ¢ y) ny - %Cxxx - 3(X)—ycxxy (37)
n —
i+1,j,k —
1 1 1 1
C(x Yz, t) + (AX)C + = (Ax)zcxx + g (Ax)gcxxx + Z (Ax)4cxxxx + E (Ax)scxxxxx +
?0 (Ax)6 XXXXXX +- O(AX)7 (38)
n
i-1,j, k=
C(x,y,2,t) — (AX)Cy + = (Ax)2Cry — = (A%)3 g + — (AX)*Crrrpy — — (AX)5Cpprpr +
» Vo4 x T3 xx 6 xxx T 5y XXXX " 120 XXXXX
% (Ax)6Cxxxxxx + O(Ax)7 (39)
Cir,lj+1,k =
1 1 1
C(X Y,z t) + (Ay)cy + E(Ay)zcyy + E(Ay)gcyyy + Z(Ay)4cyyyy (Ay) VYyyy +
% (Ay)6 yyyyyy O(Ay)7 (40)
n —
iLj-1k —
1 1
C(x Y, Z, t) - (Ay)Cy Y E(Ay)zcyy - E(Ay)scyyy (Ay)4 yyyy (Ay) VYyyy +
% (Ay) yyyyyy — O(Ay)7 (41)

1 1 1
Clle-l'kl = (x y,Z t + At) = C(X y,Z t) + (At)Ct + E (At)zctt + g(At)BCCtt + Z (At)4Ctttt +

E (AE)® Crpere T (At)6Ctttttt + - 0(At)’ (42)

l]k (x Y:Z t)+ (43)
Rearranging equation (3) we get

1 1 1
ACT Sk HACT e — 8CT +4CT 1y +4CT 1 + ACT oy +ACT g + Clig jiape —
Cl‘r-ll-lj 1t Cl—l.] 1,k - CL —aj+1k T qul+1,j,k - quin—Lj,k + quL?:lj+1,k - zqcz?:lj—l,k -

4qun]+kl 4qCTy  — 16Cl ) = (44)

Substituting finite differences equivalents into each component of the above equation as
follows, Adding equations (26) and (28) and multiplying by 4 while we let Ax = Ay = Az =
At = q gives

4(CTAY ko + CIL ) = 8C(x,y,2,t) + 8qC, + 49 Cox + 4q%Crp + -+ (45)

Adding equation (29) and (30) and multiplying by 4 gives
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4’(C1]+1k + C i,j— 1k) = 8C(x Y,z t) + 4(Ay)2 + (Ay)4 yyyy 20 (Ay)e VYYyyy + -
(46)

Adding equation (31) and (32) and multiplying by 4 gives

1 1
4(Cl] k+1 T l??j,k—l) =8C(x,y,zt) + 4(AZ)ZCZZ + § (AZ)4CZZZZ + % (AZ)6CZZZZZZ +

(47)
Subtracting equation (35) from (34) gives
(Cliajur = Clhajen) = 2(8Y)Cy + 2(8x)(BY)Cyy + 5 (AX) Cry + -

(48)
Subtracting equation (39) from (38) and multiplying by 2q
2q(Clerjie = Claji) = 44(AX)Cy + 2 (AX)? Cry + o= (AX) Crx + -+

(49)

Subtracting equation (41) from (40) and multiplying by —2q gives

_Zq(Cir,lj+1,k l] 1k) - 4CI(AY)C + _(Ay)3 yyy + _(Ax)S XXX (Ay) Vyyyy + -

(50)

Subtracting equation (36) from (37)

(Clyj—1x — Citajern) = —2yAy + 2(Ax)(Ay)Cy,y +%(Ax)3cxxx + -

(51)

Adding equation (27) and (33) and multiplying by —4¢q gives

—4q(Clfe + Cl)

= —8qC(x,y,2,t) — 4q(At)C; — 4q(At)*Cye — % (At)*Creer — 9q_0 (At)°Creeret -

(52)

Multiplying equation (33) by —16 gives

—16(C;x) = —16(x,y,2,t) (53)

Multiplying equation (42) by —8 gives
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—8(Cl-,"]f’k1 = —8(x,y,zt + At) = —=8C(x,y,z,t) — 8(At)C, — 4(At)*Cyp — g (A)3C, —
g(At)‘LCtttt - % (At)* Cereee — é (At)®Cyperee + -+ 0 (AL)7 (54)
Adding the RHS of equations (45), (46), (47), (48), (49), (50), (51), (52), (53) and (54) while
letting (Ax) = (Ay) = (Ax) = (At) = q will yield,
4q*Cyx + 49%Cyy + 49%C,, + 2q*Cyy + 2q%Cyyy + 49%C, + 4G°C, + 4q*Cy + 4% Cy +
84C; + 20 4° Coxxxxx — 8C(0,Y,2,8) + $4*Coyyy +220°Cyyyyyy + 3 0* Conzz + o0 0°Carzaas +
8(x,7,2,t) + 2qCy + 7 @ Crxx + > q*Crxx + 3= 0Conanx + 24" Cyyy + 34 oy +
%q6cyyyyy —2yq+ gqgcxxx —8qC(x,y,z,t) — 4qZCt + 4q3Ctt + %qsctttt + %q7ctttttt -
16(x,y,2,t) — 8qC, — 4q*Cy, — %qgcttt - §q4ctttt +8(x,y,z,t) +8(x,y,21t) —

1 1
Eqscttttt - gq6Ctttttt -8(x,y,2z,t) =0 (55)

Dividing equation (55) by 4% we obtain

1 1 1
Cox + Cyy +Cpp + Cyy + G + €, — G + qucxxxx + %q‘LCxxxxxx + qucyyyy +
1 1 1 1 1 1 1
%qzlcyyyyyy + quczzzzz + %qélczzzzzz + ch N chxxx + ngcxxx + '12_0q4Cxxxxx +
1 1 1 y 1 2 1
ngnyy + quCxxx + qu4cyyyy P | 759G + EC(x;yy z,t) + qCy + 1_2q3Ctttt +

1
ﬁqsctttttt =0 (56)

Thus the error Ei’}k for this scheme in equation (56) is

1

1 1 1
qucxxxx + %q4cxxxxxx + qucyyyy + quczzzzz + O((Ax)3, (A}’)B: (Az)?, (At)3) (57)

Conclusion

We note that the first seven terms of equation (24) and (56) are for the recovered PDE for our
(3+1) Dimensional Advection-Diffusion equation and all the other terms are the truncation
error which reduce to zero as Ax - Ay - Az - At = q = 0. Since the (3+1) Dimensional
Advection-Diffusion equation has been recovered from the algebraic equation of the ADE

and ADI scheme, we therefore conclude that the ADE and ADI scheme is consistent with the
(3+1) Dimensional Advection-Diffusion differential equation (1)
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