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 Abstract. 

A numerical solution for one-dimensional diffusion of chemicals under coupled chemical and 

thermal potentials is presented. The theoretical formulation considered includes thermal 

conduction and chemical diffusion due to molecular and thermal diffusion potentials. The 

investigation quantifies the spatio-temporal variations of the solute and studies the effects of 

the associated characteristic parameters. Established nonlinear and variable coefficient 

equations describing heat and mass transfer processes are solved using the MATLAB pdepe 

solver. The numerical prediction of solute movement is compared to the reference analytical 

solution from the literature and good performances are presented. Comparisons with the 

steady state heat transfer model were also carried out to study the influence of the soret effect 

and the temporal variation of temperature on chemical transport due to a thermal gradient. The 

analysis presented shows that the Soret effect significantly influences solute transport in 

unsteady regime. Compared to this regime, solute transfer responses with stationary thermal 

transfer suggest that the solute present in a subspace can be underestimated or overestimated 

as a function of time. It was also found that a temporal variation in the temperature of the 

medium affects the migration of solutes in the medium. For example, for an initial 

concentration of the solute at the surface  𝐶0 = 100 𝑚𝑜𝑙/𝑚3 , the concentration gap between 

the two regimes can go up to 8 𝑚𝑜𝑙/𝑚3 . Similarly, an increase in average soil temperature 

induces rapid movement of solute in the domain. A large difference is observed between the 

forecasts in the steady and unsteady heat transfer regime when the average temperature 

increases from 323°𝐾 to 373°𝐾. So, for an initial concentration C0= 100 mol/m3; the 

concentration at a depth of  0.5𝑚 at the 40-years date is 45.58 𝑚𝑜𝑙/𝑚3 and 60.67 𝑚𝑜𝑙/𝑚3  

for the case of thermal diffusion in steady state  with 𝑇𝑚 =  323 °𝐾 and 𝑇𝑚 =  373 °𝐾, 

respectively.  However in unsteady regime, at the same position and on the same date, the 

concentration is 49.74 𝑚𝑜𝑙/𝑚3 and 73.86 𝑚𝑜𝑙/𝑚3  with 𝑇𝑚 =  323 °𝐾 and 𝑇𝑚 =

GSJ: Volume 12, Issue 4, April 2024 
ISSN 2320-9186 697

GSJ© 2024 
www.globalscientificjournal.com



 373 °𝐾, respectively. From the present numerical study, we observed that the temperature 

profiles increase with increasing initial surface concentration. 

Keywords: Molecular diffusion, Soret effect, Unsteady regime, Porous medium, Heat 

transfer, Coupled problem 

 

1. Introduction 

Composite liners are widely used in modern municipal solid waste landfills as essential 

barrier structures to isolate the pollutants in landfill leachates from the external natural 

environment. Even though intact geomembranes (GMBs), the important components of 

composite liners, are nearly impenetrable by leachates, they could be readily diffused through 

by some organic pollutants (e.g., volatile organic compounds (VOCs)) (Chao et al., 2007). 

Moreover, organic pollutants are generally toxic even at low concentration compared to many 

inorganic pollutants (Edil, 2003; Xie et al., 2015a). Thus, studying the transport of organic 

pollutants through landfill composite liner is of great significance for rational design and 

barrier performance assessment. 

Molecular diffusion is broadly recognized as one of the dominant transport mechanisms of 

pollutants in composite liner system. Plenty of pure diffusion analytical models have been 

proposed to investigate this issue (Chen et al., 2019; Pu et al., 2020; Qiu et al., 2021; Xie et 

al., 2015b). However, the transport mechanism of pollutant is diverse and complicated. Apart 

from molecular diffusion, there are advection, adsorption, biodegradation and thermal 

diffusion etc. that may also be involved (Chen et al., 2015; Feng et al., 2019a, 2019b; Lu et 

al., 2021; Lu and Feng, 2022; Pu et al., 2018, 2021; Yan et al., 2021). 

In practice, there usually exist defects in GMBs, such as holes, wrinkles and seams due to 

large construction machinery, solar radiation and insufficient overlaps. Landfill leachates 

could break through GMBs via these defects by advection. Thus, some diffusion–advection 

models were also developed (Feng et al., 2019b; Xie et al., 2015a, 2018). For example, Xie et 

al. (2010, 2011) proposed a quasi-steady state analytical solution for pollutants diffusion and 

advection through GMB/CCL (note: CCL is compacted clay liner) and GCL/SL composite 

liners. Xie et al. (2015a) then extended this solution to GMB/GCL/SL composite liner system. 

Feng et al. (2019a, 2019b) further presented a transient solution to diffusion–advection 

transport of pollutant in the three-layer composite liner system. However, all these models 

assume that the composite liner works in an isothermal environment. Indeed, these models do 

not take into account the impact of thermodiffusion on the movement of solutes in coating 

systems. 

Actually, there  generally exists temperature  gap between the leachate heaping on the 

geomembrane and the bottom surface of modern landfill composite liners (Rowe, 2012). 

Thus, the effect of thermodiffusion is of growing concern for the transport issue in landfills 

(Engelhardt et al., 1997; Leaist and Lv, 1990; Rahman and Saghir, 2014).  On this topic, Xie 

and his coauthors (Xie et al. 2015c; Yan et al., 2020) presented a transport model suitable for 

monolayer porous media. Moreover, Peng et al. (2020, 2021,2023) proposed transport models 

for organic pollutants in GMB/CCL and GMB/GCL/SL composite liners.  These models 

chemical diffusion in porous media consider the molecular diffusion, thermodiffusion, 
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advection, degradation and adsorption of chemical. However, the  solutions presented above 

for chemical diffusion neglect the effect of a thermally coupled process. The solutions 

proposed assumes a constant diffusion coefficient. However, temperature effects on the 

diffusion coefficients are not negligible. As an example, the experimental results of chemical 

diffusion  of ionic species in a clay soil at elevated temperature indicated a strong influence on 

enhancing the chemical transport process as the result of temperature-dependency of the 

diffusion coefficient  ( Mon et al., 2016; Rosanne et al., 2003). Analytical solutions to the 

one-dimensional coupled molecular and thermal diffusions of chemical in saturated porous 

media were presented (Jiang et al.,  2023; Yan et al., 2020), and consider the  effects  

temperature dependency of diffusion coefficient under steady-state heat transfer.  The 

transient behavior of heat conduction is not taken into account. 

This article presents a new coupled model of solute transport and thermal transport in a finite 

porous medium. The numerical method is adopted to derive a solution. Solute thermal 

transport governed by molecular and thermal diffusion potentials in which the heat transfer 

process is steady-state, and solute thermal transport using steady-state heat transfer are 

discussed. The similarities and differences between the different approaches are highlighted. 

The developed model is applied to the study of long-term chemical diffusion in a compacted 

clay liner, used to contain contaminants in landfills. 

 

2. Materials and methods  

It is reasonable to characterize composite coatings as porous support materials (fig.1). For 

this, they present a risk of soil and subsoil pollution by chimical substances such as petroleum 

derivatives. Indeed, due to their porosity, these coatings can absorb pollutants until their pores 

are saturated, which can lead to contamination of the surrounding environments. The 

absorption of chimicals in composite coatings is largely influenced by the mechanism of 

capillary suction. This absorption process is described by Fick's law, which explains the 

movement of chimicals molecules through the material. Fick's law can be supplemented by 

the inclusion of an external transport flux  𝑣𝑐 , which is responsible for moving molecules at a 

certain average speed 𝑣. In this context, the Fick equation is written: 

𝐽 = −𝐷∇𝐶 + 𝑣 𝐶        (1) 

Here, 𝐶 represents the chimical concentration at a point at time 𝑡, 𝐷 is the effective diffusion 

coefficient of the pollutant or the effective diffusivity and 𝐽 the flux.  
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Fig. 1.Schematic diagram of the proposed mathematical model. 

 

The thermodynamics of irreversible processes plays an essential role in determining the 

transport force responsible for the movement of molecules of pollutants at a speed 𝑣 . 

According to the Nernst-Einstein equation, this transport force is related to the Boltzmann 

constant, temperature and diffusivity by: 

𝑣

𝐷
=

𝐹

𝑘 𝑇
           (2) 

Where 𝑘 is the Bolzman constant, 𝑇 the temperature and F the transport force. 

 Therefore, Fick's equation (1) can be modified to include this transport force. We get a more 

general expression: 

𝐽 = −𝐷∇𝐶 +
𝐷

𝐾 𝑇
𝐹 𝐶        (3) 

When considering the non-isothermal system with a temperature gradient, it is important to 

take into account the thermomigration effect. Thermomigration is a phenomenon that occurs 

when a substance migrates through a porous medium due to a temperature gradient. This 

process occurs due to the difference in mobility of molecules within the porous medium as a 

function of temperature. When there is a temperature gradient within the porous medium, the 

molecules of the substance move from areas of high temperature to areas of lower 

temperature. This happens because higher temperature molecules have higher kinetic energy, 

which allows them to move more easily through the pores and interstices of the porous 

medium. However, it is important to note that thermomigration only occurs if there is an 

interaction between the substance and the porous medium. This interaction can be caused by 

capillary forces, solubility effects or other chemical interactions defined by: 

𝐹 = − 𝐾 𝑇 𝑆𝑇∇𝑇          (4) 

Where  𝑆𝑇  is called Soret's coefficient.  

Thus equation (3) becomes: 

𝐽 = −𝐷∇𝐶 − 𝑆𝑇𝐷 𝐶∇𝑇           (5) 
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In non-steady state, that is to say when the flow at each point varies with time, it is necessary 

to complete the Fick equation with a balance equation. For conservative species, this is the 

continuity equation: 

𝜕𝐶

𝜕𝑡
= −∇𝐽           (6) 

By combining equations (5) and (6) we obtain the following diffusion equation: 

𝜕𝐶

𝜕𝑡
= ∇(𝐷∇𝐶) + ∇(𝑆𝑇  𝐷 𝐶 ∇𝑇)        (7) 

The pollutant is assumed to be inert, there are no wells or additional points below the source 

and the longitudinal and lateral components of the flow speed are  assumed to be zero. The 

model simulates the concentration along a one-dimensional flow in a finished heterogeneous 

porous medium, where migration is considered to be in the vertical direction, that is to say the 

axis of the  𝑧  (from  𝑧  0 to  𝑧  𝐿 ). Initially, the porous field is not free from polluting, 

which means that there is a certain concentration in the field before the injection of the 

substance. A constant and uniform source of entry enters the upper end of the porous domain. 

Large quantities of pollutants are transported through this area, during which polluting masses 

diffuse, resulting in a decrease in the maximum concentration with the position. 

If we consider one-dimensional transfer of the pollutant, this  master equation (7) is 

transformed into 

𝜕𝐶

𝜕𝑡
=

𝜕

𝜕𝑧
(𝐷(𝑇)

𝜕𝐶

𝜕𝑧
) +

𝜕

𝜕𝑧
[𝑆𝑇𝐷(𝑇) 𝐶

𝜕𝑇

𝜕𝑧
]      (8) 

 𝑧  measures the penetrating depth of the pollutants in the media. 

Now, we consider the restrictive case where the diffusion coefficient is constant. The chimical 

penetrating the liner under steady-state heat transfer is described by the following equation in 

one dimension: 

𝜕𝑐

𝜕𝑡
= 𝐷0

𝜕2𝑐

𝜕𝑧2
+ 𝐺𝐷0𝑆𝑇

𝜕𝑐

𝜕𝑧
         (9) 

Where 𝐺 the temperature gradient dependent only on the boundary conditions of the problem. 

Thus,  Eq.  (9)  corresponds  to  the  case  where  the diffusivity  constant.  This equation  was  

used  by  xie  and coworkers  (Xie et al., 2015c) to study the long term chemical diffusion in a 

compacted clay liner. All calculations described above have been performed with the 

assumption that the transport coefficients (diffusivities, Soret coefficients, etc.) are 

independent of the concentration of the transferred species and temperature. While the 

dependence of transport coefficients on concentration can be ignored for dilute solutions, the 

temperature dependences of diffusion coefficients may be significant . A linear description of 

temperature dependency of the selfdiffusion coefficient is proposed based on experimental 

data by Harris and Woolf (1980):  

𝐷𝑇 = 𝐷0(𝑀𝑇 + 𝑁)          (10) 

The constants 𝑀 and 𝑁 are approximated by the values 

𝑀 =
1

40
 𝑎𝑛𝑑 𝑁 = −

255

40
         (11) 
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These linear relationship between the diffusion coefficient and temperature (𝐷𝑇) is compared 

with experimental data by Harris and Woolf (1980). The diffusivity for the chemical at the 

ambient temperature 295 K equals to 𝐷0 = 10−10 𝑚2/𝑠. 

Substituting Eq. (10) into Eq. (8), the diffusion of chemicals in saturated porous media under 

unsteady-state heat transfer can be presented as: 

𝜕𝐶

𝜕𝑡
= 𝐷0

𝜕

𝜕𝑧
[(𝑀𝑇 + 𝑁) (

𝜕𝐶

𝜕𝑧
+ 𝑆𝑇  𝐶

𝜕𝑇

𝜕𝑧
)]      (12) 

 

The solute transport is coupled to the heat flow phenomena. The thermal model is based on 

the principle of heat transfer through conduction. Thus, the heat transfer is described based on 

the Fourier’s law as: 

𝜕𝑇

𝜕𝑡
=

𝜕

𝜕𝑧
(𝐷𝑇

𝜕𝑇

𝜕𝑧
)          (13) 

where  𝐷𝑇 is thermal diffusion coefficient.  

In the scope of this study, the heat transfer is assumed to be under unsteady-state condition 

whilst a transient chemical diffusion under concentration and thermal potentials is considered 

(Eq. 12). The transient heat transfer hypothesis is based on the fact that in a diffusion-

dominated system, the domain temperature profile and chemical distribution (when mass 

transport is diffusion-dominated) do not reach not equilibrium instantly. This has been 

observed both in experimental studies of thermal diffusion in aqueous solutions (e.g. Leist and 

Lv, 1990) and in numerical simulations in soil (e.g. [Thomas et al., 2012 ; Xie et al., 2015c]). 

thus, the  variation of temperature in the clay liners with time should be considered . 

Thermal diffusion coefficient of a single chemical species is described by (Yan et al., 2020) 

𝐷𝑇 = 𝐷(𝑇) 𝑆𝑇𝐶          (14) 

Substituting Eq. (14) into Eq. (13), The heat transfer in unsaturated CCL under unsteady-state 

can be presented as 

𝜕𝑇

𝜕𝑡
= 𝐷0𝑆𝑇

𝜕

𝜕𝑧
((𝑀𝑇 + 𝑁) 𝑐

𝜕𝑇

𝜕𝑧
)        (15) 

These coupled equations (equations 12 and 15) are partial differential equations (PDE) with 

variable coefficients. It is generally impossible to obtain an analytical solution in closed form 

under these conditions. This observation forces us to think about the digital approach in the 

remainder of this work.  

For a heterogeneous semi-infinite domain in which the initial concentration is 

  𝐶(𝑧, 0) = 𝐶𝑖  ,          (16) 

and the chemical concentration on the surface is constant, i.e. 

 𝐶(0, 𝑡) = 𝐶0,           (17) 

 with the other boundary assumed to be impermeable, i.e., 

𝜕𝐶(𝐿,𝑡)

𝜕𝑧
= 0            (18) 
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The model also incorporated seasonal temperature variations at the ground surface to 

realistically predict the temporal distributions of temperature within the landfills. The seasonal 

temperature variations were applied at the ground surface and were represented by a 

sinusoidal function using Eq. (19) (Hanson et al., 2022) 

𝑇(0, 𝑡) = 𝑇𝑚 + 𝐴𝑠 cos [
2𝜋

𝜏0
(𝑡 − 𝑡0)]        (19) 

where  𝑇(0, 𝑡)  = surface temperature at a specific time (°C); 𝑇𝑚= mean surface temperature 

(°C);  𝐴𝑠 = amplitude of the temperature wave (°C);  𝜏0 = is the period of the thermal wave 

(365 days) ; 𝑡 = time (s); and 𝑡0= phase constant used to correctly represent the Julian 

calendar and is equal to 3,939,840 s (i.e., 45.6 days). The lower boundary temperature is 

usually considered as constant temperature. 

 

3. Techniques  of  computation:  implementation  of  the MATLAB 

pdepe solver 

MATLAB's pdepe solver is a function that solves initial-boundary value problems for systems 

of partial differential equations (PDEs). It is specifically designed for solving time-dependent 

PDEs with one spatial variable.This solver converts the PDEs to ODEs using a second-order 

accurate spatial discretization based on a set of nodes specified by the user. The discretization 

method is described in (Skeel & Berzins, 1990). It discretizes the spatial domain using a finite 

difference method and then applies an ODE solver to solve the resulting system of ordinary 

differential equations (ODEs). The time integration is done with ode15s. The main advantage 

of pdepe solver is its ease of use. It requires users to provide the system of PDEs, initial 

conditions, boundary conditions, and other parameters. Additionally, it allows users to specify 

the problem as a set of coefficient form PDEs or as a set of equations with specified functional 

forms. Overall, MATLAB's pdepe solver is a powerful tool for solving time-dependent PDE 

problems with one spatial variable. It is widely used in various scientific, engineering, and 

mathematical fields to solve a wide range of real-world problems. 

To demonstrate the concentration distributions of an input source of uniform nature, the 

numerical solutions of the governing equation (1) are displayed graphically using the given 

input parameters. In this case, the coating is assumed to be finite and heterogeneous, and the 

variation of the concentration in space and time is examined. The numerical solutions are 

obtained using the MATLAB pdepe solver and the concentration behavior is displayed 

graphically. The common input data taken in this article are chosen from previously published 

literature or empirical relationships (Jiang et al., 2023; Yan et al., 2020). The Neumann-type 

lower limit is adopted. 

4. Results and discussion 

4.1. Validation of the numerical approach for soil solute transport 

For numerical illustration, a solute transport of a 3 m initially dry semi-infinite porous media 

depth is considered. In this domain the diffusion of a non-reactive chimical species in water, 

under a thermal and chemical gradient is studied.  The effect of temperature on chemical 

diffusion coefficient is neglected in this test. A constant diffusivity is employed as 𝐷0 =

10−9 𝑚2/𝑠. The source or sink quantities  are neglected. The inlet chemical concentration is 
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set at 100mol/m3, whilst the outlet and initial chemical concentrations are  0,01mol/m3. The 

Neuman condition is applied to the output. The other physical parameters used are: i) the 

Soret coefficient 𝑆𝑇  =  0.01 °𝐾−1 , ii) temperature at inlet boundary is assumed to be 

constant (333 °K) and temperature at outlet boundary is assumed to be fixed at 295 °K. Heat 

transfer is assumed to be under steady state. Therefore, the heat profile  can be obtained 

through eq(20). 

𝑇 =  333 − 4𝑧           (20) 

The analytical solution of equation (10) can be obtained using a Laplace transformation 

technique (Yadav et., 2023). For a porous medium depth L with the initial and boundary 

conditions described by Eqs. (16), (17) and (18) we have: 

𝑐(𝑧,𝑡)−𝑐𝑖

𝑐0−𝑐𝑖
=

1

2
 𝑒𝑟𝑓𝑐 (

𝑧+𝐺𝐷0𝑆𝑇𝑡

2√𝐷𝑡
) +

1

2
𝑒𝑥𝑝 (

−𝐺𝐷0𝑆𝑇 𝑧

𝐷
)  𝑒𝑟𝑓𝑐 [

−𝐺𝐷0𝑆𝑇𝑡+𝑧

2√𝐷𝑡
] +

1

2
[2 −

𝐺𝐷0𝑆𝑇(2𝐿−𝑥)

𝐷
+

(𝐺𝐷0𝑆𝑇)2𝑡

𝐷
] exp (−

𝐺𝐷0𝑆𝑇𝐿

𝐷
) 𝑒𝑟𝑓𝑐 (

2𝐿−𝑧−𝐺𝐷0𝑆𝑇𝑡

2√𝐷𝑡
) −

√
(𝐺𝐷0𝑆𝑇)2𝑡

𝜋𝐷
 𝑒𝑥𝑝 (−

𝐺𝐷0𝑆𝑇𝐿

𝐷
−

(2𝐿−𝑧−𝐺𝐷0𝑆𝑇𝑡)2

4𝐷𝑡
)     (21) 

 

where erfc denotes the complementary error function. 

Figure 2 gives a comparison of the MATLAB pdepe solver solutions of the diffusion equation 

with the analytical results. The effects of the variable depth of the medium (fig.2a) and the 

propagation of the relative error with depth (fig.2b) are also represented. Figure 3 represents 

the temporal evolution of the solute for three different depths. Excellent agreement is obtained  

between the numerical results and the analytical predictions. In each soil depth, the result 

obtained with the MATLAB pdepe solver precisely matches the analytical value with a 

maximum relative error between solutions less than 3%. These results presented in Figure 2.b 

show that the proposed numerical scheme is precise and effective in predicting the transport 

phenomenon in a composite coating. 
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Fig.2. Comparaison of numerical and analytical results for concentration versus distance (a) 

and Propagation of the relative error (b) 

Fig.3. Comparaison of numerical and analytical results for concentration versus time 
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4.2. Model application for coupled thermal and chemical diffusion in porous 

media  

In this section, thermally induced diffusion of chemicals in saturated porous media will be 

studied. The main objective is to study the extent of the effects of primary governance 

processes and parameters in unsteady regimes. Comparisons of numerical results of 

predictions of environmental solutes obtained in steady and transient states are illustrated for 

spatial variations. The interest is in particular to obtain an evaluation of the temporal variation 

of the temperature over the entire process. The effects of two key parameters, including the 

temporal variation of temperature and the Soret coefficient (𝑆𝑇) on chemical diffusion, are 

analyzed. In order to evaluate the influence of temperature on chemical transport through the 

porous medium, four simulation cases (scenarios) were designed:  

Case 1 which consists of studying the problem under molecular diffusion only and diffusion 

coefficient variable with temperature (i.e. DT) in permanent heat transfer regime, 

Case 2 which consists of studying the problem under molecular diffusion only and diffusion 

coefficient variable with temperature (i.e. DT) in unsteady heat transfer regime , 

Case 3 which combines molecular diffusion, Soret effect and diffusion coefficient variable 

with temperature for heat transfer in steady state (Yan et al., 2020), 

and  

Case 4 for which the combined effects of molecular diffusion, Soret effect, variable diffusion 

coefficient (DT) and transient regime of heat transfer are considered.  

Comparisons between cases 1 and 2, cases 3 and 4 can provide evidence of the influence of 

the transient state of heat transfer. The comparison between case 1 and case 3 can highlight 

the influence of the soret effect in steady state. A comparison between cases 2 and 4 can 

reveal the relative importance of the effect of the soret effect in the unsteady heat transfer 

regime.  

A saturated porous medium of one unit length (3 m) is considered in this section. The initial 

chemical concentration (hypothetical species) in the domain is assumed to be equal to 

0.01 𝑚𝑜𝑙/𝑚3. The input chemical concentration is set at 𝐶0  =  100 𝑚𝑜𝑙/𝑚3. At the output 

limit the Neumann boundary condition is considered (∂C/∂x = 0). The Soret coefficient and 

porosity are 0.01°𝐾−1 and 0.5, respectively. The average temperature and the temperature 

amplitude at the inlet boundary are assumed to be 333°K and 15°K respectively. The 

temperature at the outlet limit is assumed to be fixed at 295°K. The diffusion coefficient is 

considered to be 10−10 𝑚2/𝑠 at the ambient temperature of 295°K. The variation of the 

diffusion coefficient with temperature is calculated using Eq. 10.  

Figure 9 presents a comparison between the chemical concentration profile at 50 years for the 

four cases cited above. Significant differences can be found for the chemical concentration 

profile between these four cases.  

As shown in Figure 9, the concentration of the chemical at 𝑥 =  1.2 𝑚 (arbitrary location in 

the domain and at 50 years) for simulation cases 1 and 3 is 11.28 𝑚𝑜𝑙/𝑚3 and 12.19 𝑚𝑜𝑙/

𝑚3 respectively.  These values are 2.05 and 1.56 times higher than that calculated respectively 
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for cases 2 and 4.  These cases demonstrate the importance of thermally coupled processes in 

the transient regime in the diffusion problem.  

The results of the presented simulation series demonstrate that the chemical mass flux is 

increased by thermal diffusion. This increase is greater in the transitional regime. This is 

evident from the chemical concentrations calculated for case 4, which are considerably higher 

than those for the diffusion scenario without Soret effect (case 2). The results show that the 

chemical concentration for case 4 is 1.42 times higher than that of case 2 (see Fig. 4). 

However, the results show that in steady state, the Soret effect does not have a considerable 

influence on the rate of chemical transport in the field. This is similar to the conclusion 

obtained by Yan et al. in 2020 (Yan et al., 2020). Yan et al. [28] showed that without taking 

into account the Soret effect, variations in DT with temperature alone can significantly 

increase the rate of chemical transport in the domain. The results show that the chemical 

concentration for case 3 is 1.08 times higher than that of case 1 (see Fig. 4). In summary, the 

results presented in Fig (4) show that heat transfer in unsteady regime can considerably affect 

chemical diffusion through porous media in particular by the Soret effect and by the 

temperature dependence of chemical diffusion (DT ). This is best illustrated in the following 

figure 4. Figure (5a) illustrates the spatial variation of the solute concentration for four 

simulation times 𝑡 =  {2, 10, 30, 50} 𝑦𝑒𝑎𝑟𝑠 for the cases of heat transfer in steady and 

unsteady regimes, while the spatial distribution of the difference between the two simulated 

regimes is given in figure (5b). Figure (5c) presents the temporal variation at soil depths 𝑧 =

 {0.1, 0.5, 0.7, 1} 𝑚,  while Figure (5d) depicts the corresponding absolute error. 

       
Fig.4.Variations of concentration with depth for different simulation cases  
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Fig. 5. Distribution of solute concentration for different simulation times and for different 

media depths in the case of an average temperature of 333°K at the upper surface of the media 

 

4.3. Influence of variable average ambient temperature on unsaturated soil solute 

distribution 

Figure (6) illustrates the temporal profiles of solute concentration for depths of z = {0.5; 1.2} 

m. These results are obtained for three different temperatures, namely 323, 353 and 373 on the 

surface of the clay coating. The Soret coefficient and the surface concentration are here 

assumed to be 0.01°𝐾−1 and 100 𝑚𝑜𝑙/𝑚3  respectively. The solute concentration distribution 

curves with steady-state and unsteady heat transfer for different temperatures are shown in 

Figure 7a and b, respectively. The transport of solutes in the material at both depths shows a 
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similar variation for the two regimes, even when increasing the temperature change at the 

upper surface. It is indicated that the concentration at a given depth increases with increasing 

average temperature at the surface of the clay coating. This increase is greater when the heat 

transfer is taken in an unsteady state. For example, the concentration at a depth of 0.5m at the 

40-year date is 45.58 𝑚𝑜𝑙/𝑚3 and 60.67 𝑚𝑜𝑙/𝑚3 for the case of thermal diffusion in steady 

state respectively with 𝑇𝑚 =  323 °𝐾 and 𝑇𝑚 =  373 °𝐾. The overestimation rate of 

breakthrough concentration is 33.10%. 

 However in unsteady regime, at the same position and on the same date, the concentration of 

49.74 𝑚𝑜𝑙/𝑚3 and 73.86 𝑚𝑜𝑙/𝑚3 with  𝑇𝑚 =  323 °𝐾 and 𝑇𝑚 =  373 °𝐾, respectively. 

The overestimation rate of breakthrough concentration is 48.49%. These results show that the 

temperature acting on the surface of the clay coating has a great influence on the penetration 

of contaminants through the coating. The effect of thermal diffusion and temporal temperature 

variation must be taken into account when designing clay landfill linings. Due to thermal 

coupling, the solute transport response under unsteady state heat transfer conditions is then 

associated with the temperature gradient as well as the temporal variation of the temperature. 

these are not taken into account in most modeling approaches (Peng et al., 2023; Yan et al., 

2020). ( Peng et al., 2023; Yan et al., 2020). 

 

Fig. 6. Solute breakthrough profiles for different transport responses in soil depths  𝑧 =

 {0.5;  1.2}𝑚 
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4.4. Effects of concentration on temperature  

Figure (7) shows the variation of the temperature profiles with time at two different depths z = 

{2, 5} cm, for three values of the initial concentration at the surface of the coating 𝐶0 =

{100, 500, 1000} 𝑚𝑜𝑙/𝑚3. The simulations were repeated considering an average 

temperature of 333 °K at the surface and an ambient temperature of 295 °K within the 

medium. Using these values in the simulations, results closer to the unsteady analysis with a 

variable diffusion coefficient are obtained. We see that the temperatures calculated at a given 

depth are quite close at the beginning. Subsequently, These results show that the temperature 

evolves quickly to reach a relatively stable state. In this phase, it is indicated that the 

temperature propagation is relatively rapid at a relatively high initial surface concentration. 

For example, for a depth of 0.5 m, the temperature remains constant after 4 years and is equal 

to ambient temperature (295°K) for the different initial concentrations. however for the same 

depth, the temperatures after 20 years are 300.49°𝐾, 319.18°𝐾 𝑎𝑛𝑑 324.74°𝐾 for the initial 

concentrations 100 𝑚𝑜𝑙/𝑚3,   500 𝑚𝑜𝑙/𝑚3 𝑎𝑛𝑑 1000 𝑚𝑜𝑙/𝑚3 respectively. The result of 

figure (7) shows that the decrease in concentration also causes a significant delay in the 

temporal evolution of the temperature. for a depth of 1.2m, we witness a temporal variation in 

temperature after 60 years, 32 years and 22 years respectively for the three concentrations 

C0={100, 500, 1000} 𝑚𝑜𝑙/𝑚3. It should be noted that the impact of transient heat flow 

conditions is neglected in several works relating to the diffusion of chemicals in a porous 

medium. And yet this condition has a significant impact on the results, especially when the 

initial concentrations at the surface are high. 
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Fig.7. Temporal temperature profiles for different initial concentrations at the surface in the 

depths of the media  𝑧 =  {0.5;  1.2}𝑚 

 

5. Conclusion 

In this paper, the effects of molecular diffusion and thermal diffusion on mass transfer in 

compacted clay coatings are studied numerically. The prediction of the solute profile in the 

environment, from the surface to the bottom, was examined. The heat and mass transport 

process studied was described by one-dimensional coupled partial differential equations. The 

analysis was carried out with varying diffusion coefficients. Two cases of solute diffusion 

combined with the soret effect were analyzed: solute diffusion under stationary heat transfer 

conditions and solute diffusion under unsteady heat transfer conditions. The MATLAB pdepe 

solver was adopted to solve the equations governing heat and mass transfer processes and 

good numerical predictions were obtained. The effects of the thermal factor as well as their 

importance in capturing the spatio-temporal profile of solutes were examined. The analysis 

presented shows that the Soret effect significantly influences solute transport in unsteady 

regime. Compared to this regime, solute transfer responses with stationary thermal transfer 

suggest that the solute present in a subspace can be underestimated or overestimated as a 

function of time. It was also found that a temporal variation in the temperature of the medium 

affects the migration of solutes in the medium. For example, for an initial concentration of the 

solute at the surface 𝐶0 = 100 𝑚𝑜𝑙/𝑚3, the concentration gap between the two regimes can 

go up to 8 mol/m3. Similarly, an increase in average soil temperature induces rapid movement 
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of solute in the domain. The overestimation rate of breakthrough concentration  when going 

from 323°K to 373°K is 48.49%. From the present numerical study, we observed that the 

temperature profiles increase with the increase in the initial concentration at the surface. 

Solute transport based on unstable thermal considerations produces more precise responses 

than movement configured in a stationary heat transfer regime. Research into these processes 

allows for a quantitative assessment of the contaminant transport processes necessary to 

design an efficient and well-operational coating system. 
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