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Abstract: In this paper, we proposed a modified block Nystrom type method (BNTM1) with one-
off-step-point for the numerical solution of two points boundary value problems with Robin
boundary conditions. The proposed (BNTM1) is formulated from its continuous scheme which is
constructed from an appropriate power series via collocation and interpolation techniques. The
convergence analysis of the proposed method is presented that shows that the method is
consistent, has zero stability and convergence. The proposed method has an advantage of
solving the ODEs directly without reducing it into equivalent system of first order.

The performance of the modified method (BNTM1) is demonstrated by comparing with:
Bernoulli polynomial of order eight and ten (BP8, BP10) and diagonal block numerical method
(2PDD4), the results shows an encouraging performance of the method.
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1. Introduction

In this paper we consider two points boundary value problems associated with Robin boundary
conditions which is stated in the form;

y'(x)=f(x,y,y"),fora<x<b 11
With

¢ y'(@+c,y@)=a

1.2
cy'(b) +c,y(b) = p

Where a,b,c,,c,,c,,Cc,,a,andg are all constants and c,,c,,c,,andc,are nonzero. The Robin

boundary condition signifies that both functional values and derivative of the solution are given
in (1.2). This boundary conditions arise in areas such as electromagnetic problems, heat transfer
problems as impedance [1].

Interestingly, some of the problems e.g (1.2) do not have analytical solution and if they do, it is
most times difficult to obtain. Therefore, the development of numerical methods becomes
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necessary to obtain approximate solutions as an alternative where analytical method fails. [5]
suggested that algorithms should have the capacity to generate solutions at several points
simultaneously, [6 , 7, 8] implemented the suggestion and obtain solution. [16] developed a
diagonal block numerical method for solving two-points boundary value problems with Robin
boundary conditions. Method [2] and [16] are linear multi-step methods with high computation
time as a result of the number of function evaluations per step

To overcome the challenge stated above, this research is motivated by the speed of
computational time associated with Nystrom one step method by developing a modified block
Nystrom type method (BNTM1) suitable for the stated problem (1.1).

The paper is organized as follows; section 2 is derivation of the method, the convergence
analysis is discussed in section 3, section 4 we perform the numerical experiments and the
conclusion of the paper in section 5.

2. Development of the Block Nystrom type Method (BNTM1)

In this chapter, we develop a continuous approximation that is used to obtain the block Nystrém
type method (BNTMZ1) for the solution of second order boundary value problems of the form

y'=f(x,y,y"), y(@) =0 and y(b) =0, x&[a,b] ) 2.1
With the following assumptions;
0] f(x,y,y') IS continuous,

(i) A y.y) exist and is continuous.

Also (2.1) is considered on interval [a, b], for a = xg < x; < -+ < x,,_1 < xy = b with constant

step size h = blzl—a, N>0 Is an integer.

We initially consider the interval x, < x<x
approximated by a power series of the form,

and assumed that the exact solution to (2.1) is

n+1

r+s-1

y(x)= > a;x! 2.2
=0

With the second derivative of (2.2) given as follow;

r+s-1

y'(x)= D j(j-Da;x'? 2.3
j=0
The method (BNTM!) is derived by the introduction of off-step points in the one step scheme
following the method of [9, 11, 13, 15] and recently [12] using code in maple 2015 software.
By substituting (2.3) into (2.1) gives;

r+s-1

D ii-Dax! = f(xy,y) 2.4
j=0
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2.1: Specification of the method (BNTM1)

s+V is the sum of the number of collocation and interpolation points.

To derive a continuous method by considering one-off-step point, v=% the following
specifications are considered; r=2,s=3k=1 «,(x)5,(x) and B,(x) are expressed as

functions of x to obtain the continuous form;

y(X) = aO yn + alhy'n+h2[180 fn + 181 fn+£ + IBZ fn+l] 25
2

By combining (2.2) and (2.3) with the off-step point, the matrix A of the proposed method with
one-off-step point is expressed as follow:

1 x,  x? x° X!
0 1 2x, 3 4%}
A=|0 0 2 6X, 12x? 26
0 0 2 6x,+3h 12(x, +%h)2
0 0 2 6x,+6h 12(x,+h)? |

Using matrix inversion technique, with the help of maple software we obtain the inverse matrix
B, for B = A~. The coefficient of the inverse matrix were obtained and substituted into equation
(2.5) to generate the continuous scheme with y(x) and evaluating the equation at point

X=X, X , We obtain the following schemes;
2
yn+1:yn+hy'n+1h2fn+1h2f ) 2.7
6 3 ”*E
1 7 1 1
=y +=hy +—h*f +—h*f | ——h*f 2.8
yn+1 yn 2 yn 96 n 16 n+1 96 n+l

2

The following additional schemes are obtained by differentiating equation (2.5) and evaluating at

point, X =X.,,,X ,
n+E

1 2 1
"=y +=hf +—hf , +=hf 2.9
yn+1 yn 6 n 3 n+% 6 n+l

5 1 1
"=y +—hf +=hf . ——hf 2.10
y 1 yn 24 n 3 n+1 24 n+l

n+=
2 2
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3: Analysis of the (BNTM1)
3.1: Order and error constant

We consider the order and error constant, consistency, zero stability and convergence of the
method

According to [10] with some modification to incorporate off-step points, define the method by

D ()Y, =h?D A () L0 =0,v,,v, K 31
i i

Where m is the number of off-step points used, p is the degree of the derivative and «;; (x)and
B;; (x) are continuous coefficients.

Definition 3.1: [10]

The block methods is said to have order p if C; =C, =...=C =C_,=0and C , #0.

The term C, is called the error constant and the local truncation error t,, of the method is
given as

to. =C,h" 2y 2 (x) +0(hP?) 3.2

p+2

The error and order constant of the BNTM was generated using a computer code written in
maplel5 software as follow

11 et 4 |
C,.,= , 0, with Order p = (3,3,3,3)
P 720 1440 384

3.2: Consistency of the methods
Definition 3.2: [10]
The one step hybrid method is said to be consistent if the following conditions are satisfied

I. The order p>1

i, Zk,-:o aj =0

iii. p()=p'()=0 and
iv. p"' () =2c(@)

According to [14] condition (i) is sufficient to show that the block method is consistent.
By condition (i) of definition (3.2) the block method is consistent, p=3>1

3.3: Zero Stability of the methods

Definition 3.3: [10]

Hybrid block method is said to be zero stable if the roots z.,s =1,...,n of the first characteristic
polynomial p(z)
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p(2) = det[zA— E] 3.3

For |z,| <1 and all roots |z| =1 has multiplicity not greater than two in the limit h —0

1 0 0O 0100 z -1 0 O
0100 0100 0 z-1 0
p(2) =det| z - = det =2%(z-1
0 010 0 00O 0 0 z
0 0 01 0 00O 0O 0 0 z-1

34
z=0 or z=1. Therefore the BNTM is stable
3.4: Convergence
We state Dahlquist’s theorem for linear multistep methods without proof [10].

Dahlquist’s theorem: State that the necessary and sufficient condition for a linear multistep
method to be convergent is for it to be consistent and zero stable.

Therefore, the proposed (BNTML1) is consistent and zero stable, hence it is convergent.
4: Numerical Experiment

In this section, we present some numerical problems to illustrate the performance of the
(BNTM1). The absolute error of the approximate solution is calculated as Error=[y(x)-y(exact)]
using codes in maple 2015 software.

Problem 1: [2]

A non-linear differential equation with Robin boundary conditions

y":%(1+x+ y)®, 0<x<1, y(0)-y(0) =%,and,y'(1)+ y@) =1

Exact solution: y(x) = ZL -x-1

Problem 2: [16]

Nonlinear second-order differential equation with Robin boundary conditions
y'=—exp(-2y), 0<x<1, y'(0)-y(0)=1and y'(1)+y@) =0.5+In(2)
Exact solution: y(x) = In(L+ x).

The following notations are used in the results given as follows:

BP8: Bernoulli Polynomial of order 8 [2]

BP10: Bernoulli Polynomial of order 10 [2]

2PDD4: Direct two-point diagonal block method of order four [16]
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Table 4.1 The results for BNTM1 and error of BNTM1, BP8 and BP10 for problem 1 at

h=0.1
X Y[t] BNTM1 BNTML error BPS BP10
error error
0.0 0.0000000000 0.0000000000  0.00E+00 O'O%E+° 0.00E+00
0.1 -0.0473684210 -0.0473681985  2.23E-07  3.75E-07 3.80E-09
0.2 -0.0838888890 -0.0888887107 1.78E-07  2.92E-07 6.90E-09
0.3 -0.1235294120 -0.1235292994  1.13E-07  2.27E-07 1.40E-08
0.4 -0.1500000000 -0.1499999880  1.20E-08  4.96E-07 1.16E-08
05 -0.1666666670 -0.1666668115  145E-07  9.27E-08 2.30E-09
0.6 -0.1714285710 -0.1714289660  3.95E-07  5.53E-07 1.47E-08
0.7 -0.1615384620 -0.1615392628  8.01E-07  9.49E-08 1.31E-08
0.8 -0.1333333330 -0.1333348137  148E-06  4.53E-07 4.30E-09
0.0 -0.0818181820 -0.0818208320  2.65E-06  4.86E-07 2.00E-09
1.0 0.0000000000 0.0000000000  0.00E+00 O'O%E+° 0.00E+00

From table 4.1, the result shows that at x = 0.4, BNTM1 and BP10 has the same error order E —

08 which is higher than the order of BP8. This shows that the performance of the method
BNTML1 is encouraging; also the result converges to the exact solution.

Table 4.2: Result of BNTML1 and error of BNTM1 and 2PDD4 for problem 2 at h=0.1

X Y[x] BNTM1 BNTM1 2PDDA4
error error

0.0 0.000000000000 0.000000000000 0.00E+00 0.00E+00
0.1 0.095310179800 0.095310577460 3.98E-07 5.30E-07
0.2 0.182321556800 0.182321820700 2.64E-07 9.48E-07
0.3 0.262364264500 0.262364440800 1.76E-07 1.66E-06
0.4 0.336472236600 0.336472353700 1.17E-07 1.33E-06
0.5 0.405465108100 0.405465183800 7.57E-08 1.53E-06

GSJ© 2024

www.globalscientificjournal.com



GSJ: Volume 12, Issue 1, January 2024
ISSN 2320-9186

0.6
0.7
0.8
0.9
1.0

0.470003629200
0.530628251100
0.587786664900
0.641853886200
0.693147180600

0.470003675400
0.530628275500
0.587786673000
0.641853881700
0.693147166100

4.62E-08
2.44E-08
8.10E-09
4.50E-09
1.45E-08

1.34E-06
1.38E-06
1.25E-06
1.23E-06
1.14E-06

The result of table 4.2, shows convergence of BNTM1 to the exact solutions. Also, the
comparison between the errors of 2PDD4 and BNTM1 indicate that the BNTM1 is of higher
order which implies that the performance is better.

Figure 1.1: Absolute Error of BNTM1, B8 and B10 for Problem 1, for h=0.1.
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Figure 4.3: The absolute Error of BTNM1 and 2PDD4 for Problem 2, for h=0.1.
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5. Conclusion

This study has presented a Block Nystrom Type Method (BNTM) with one off-step point that is
a modification of Nystrom one step method. The analysis of the method has been carried out and
shows that the method (BNTM1) has error and order constant p = 3, zero stable, consistent and
convergence. The method (BNTM1) was used to solve two test problems. All formulations of the
method (BNTM1) and numerical computations was carried out using computer code in Maple
2015 software. Also, the computed results were compared with exact solution and show good

agreement.
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