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ABSTRACT
The aim of this research is to carry out investigation on the simplicity status of the Sylow subgroups of permutation
groups. The standard program called Group Algorithms and Programming (GAP) is used to enhance and validate our
result.
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INTRODUCTION

Group is an algebraic structure consisting of a set of elements equipped with an operation that combines any two elements
to form a third element. The operation satisfies four conditions called the group axioms, namely closure, associativity,
identity and invertibility. One of the most familiar examples of a group is the set of integers together with the addition
operation, but the abstract formalization of the group axioms, detached as it is from the concrete nature of any particular
group and its operation, applies much more widely. It allows entities with highly diverse mathematical origins in abstract
algebra and beyond to be handled in a flexible way while retaining their essential structural aspects. The ubiquity of
groups in numerous areas within and outside mathematics makes them a central organizing principle of contemporary
mathematics, Herstein (1975). Simple groups have been studied at least since early Galis theory, whereEvariste Galois
realized the fact that alternating groups on five or more points are simple (and hence not solvable), which he proved in
1831, was the reason that one could not solve the quintic in radicals,Galois Évariste (1846).
It was later when Mathieu shown that a family of five groups, called the Mathie groups which found to be the first
described group in 1861 and 1873, were also simple. Since these five groups were constructed by methods which did not
yield infinitely many possibilities, they were called "sporadic" by Burnside in his 1897 textbook.

A finite group is simple when its only normal subgroups are the trivial subgroup and the whole group. A finite group of
prime order is also simple since, it has no non-trivial proper sub groups at all while a finite abelian group not of prime
order is not simple.
Simple group theory is the most active and glamorous area of research in the theory ofgroups and it seems certain that this
will remain the case for many years to come. Roughly speaking,the central problem is to ﬁnd some reasonable description
of all ﬁnite simple groups.
Some important questions that need attention may arise for instance, What are simple groups and why are they important?
Evariste Galois (1811—1832) called a groupsimple if its only normal subgroups were the identity subgroup and the group
itself. The Abeliansimple groups are the group of order 1and the cyclic groups of prime order, while the nonabeliansimple
groups generally have very complicated structures. These groups are important because theyplay a role in group theory
somewhat analogous to that which the primes play in number theory
that is, they serve as the ―building blocks‖ for all groups. These ―buildingblocks‖ are called the composition factors of the
group and may be determined in the following way.Given a ﬁnite group G,choose a maximal normal subgroup
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is simple, and we next choose a maximal normal subgroup

also simple,and we continue in this fashion until we arrive at

. The simple groups

,

. Then
,..,

is
are

the composition factors of G and by the Jordan-Holder theorem
these groups are independent of the choices of the normal subgroups made in the process described.

1.2

DEFINITION OF TERMS

Group: A group is a non-empty set G on which there is a binary operation ‗*‘ such that;

•
•
•
•

if a and b belong to G then
is also in G (closure),
for all a,b,c in G (associativity),
there is an element
such that
for all
if
, then there is an element
such that

(identity),
(inverse).

Subgroup: given a group G under a binary operation , a subset H of G is called a subgroup of G if H also forms a group
under the operation . More precisely, H is a subgroup of G if the restriction of to
is a group operation on H

Simple groups: A group

is said to be simple if {1} and G are the only normal subgroups of G

Dihedral group: A dihedral group is the group of symmetries of a regular polygon, which includes rotations and
reflections.

Wreath Product: The Wreath product of C by D denoted by W = C wr D is the semidirect product of P by D, so
that
, with multiplication in W defined as
for all
.

GROUP GENERATED BY WREATH PRODUCT

Recently, wreath product of groups has been used to explore some useful characteristics of ﬁnite groups in connection
with permutation design and construction of lattices Praeger and Scheider(2002), as well as in the study of interconnection
networks, for instance. Further, Audu(2001) used wreath product to study the structure of some ﬁnite permutation groups.
Wreath product constructions has been used to obtain for any positive integer n, solvable groups of derived length n, and
commutator length at most equal to 2.

The Wreath product of C by D denoted by W = C wr D is the semidirect product of P by D, so that
for all
, with multiplication in W defined as
Henceforth, we write f d instead of
for elements of W.
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Theorem 1.1
Let D act on P as
where
with
and multiplication given by
direct product of P by D with the defined action.

Let W be the group of all juxtaposed symbols f d,
Then W is a group called the semi-

Based on the forgoing we note the following:




2.0

If C and D are finite groups, then the wreath product W determined by an action of D on a finite set is a finite
group of order
P is a normal subgroup of W and D is a subgroup of W.
The action of W on Γ × ∆ is given by

RESULTS

2.1

Consider the permutation groups
respectively. Let
given by

and
. Then

acting on
. The order of the wreath product is

The mappings are as follows

The elements of W are

Further,
We obtain the following permutations by the action of W on

Rename the symbols as

And in summary,
Γ

{

}

Γ

{

}

Γ

{

}

Γ

{

}
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Γ

{

}

Γ

{

}

Γ

{

}

Γ

{

}

Γ

{

}

Γ

{

}

Γ

{

}

Γ

{

}

Γ

{

}

Γ

{

}

Γ

{

}

Γ

{

}

Γ

{

}

{

Γ
Then the permutations in cyclic form

}

are

{
The Sylow subgroups of

}
are;
which is simple
which not is simple

2.2
Consider the permutation groups
respectively. Let
. Then

and

acting on
The order of the wreath product is given by

Then the permutations in cyclic form are

The Sylow subgroup of

is;
which not is simple

2.3

Consider the permutation groups
respectively. Let

and
. Then

Then the permutations in cyclic form are
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{

}

The Sylow subgroups of

are;
which not is simple
which is simple

2.4

Consider the permutation groups
respectively. Let
product is given by
Then the permutations in cyclic form are

and
. Then

{

}

The Sylow subgroups of

is;

which is not simple

2.6 DIHEDRAL GROUPS
2.6.1
For
The Sylow subgroups of

are;

which is simple
which is simple

2.6.2

acting on
The order of the wreath

For

The Sylow subgroup of

is;
which is not simple
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For

The Sylow subgroups of

;

which is not simple
which is simple

TABLE 4.1: RESULT SUMMARY
Method/Type

22
Wreath Product

Dihedral Group

Key:

True = T

Sylow Subgroup

Simplicity

2
3

T
F

2

F

2
3

F
T

3

F

2
3

T
T

2

F

2
3

F
T

Order of Group

2
3
False = F
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3.0

VALIDATION OF RESULTS

3.1

Algorithms for the result in 2.1

gap> C1:=Group((1,2,3));
Group([ (1,2,3) ])
gap> D1:=Group((4,5));
Group([ (4,5) ])
gap> W1:=WreathProduct(C1,D1);
Group([ (1,2,3), (4,5,6),
(1,4)(2,5)(3,6) ])
gap> H1:=SylowSubgroup(W1,2);
Group([ (1,4)(2,5)(3,6) ])
gap> H2:=SylowSubgroup(W1,3);
Group([ (1,3,2)(4,6,5), (1,2,3)(4,6,5)
])
gap> for i in H1 do;
> Print(i,"");
> od;
()(1,4)(2,5)(3,6)
gap> for i in H2 do;
> Print(i,"");
> od;
()(4,6,5)(4,5,6)(1,2,3)(4,5,6)(1,2,3)(1
,2,3)(4,6,5)(1,3,2)(4,6,5)(1,3,2)(4,5,6
)(1,3,2)
gap> IsSimple(H1);
true
gap> IsSimple(H2);
false

gap> quit;
3.2

Algorithms for the result in 2.2

gap> C2:=Group((1,2));
Group([ (1,2) ])
gap> D2:=Group((3,4));
Group([ (3,4) ])
gap> W2:=WreathProduct(C2,D2);
Group([ (1,2), (3,4), (1,3)(2,4) ])
gap> H3:=SylowSubgroup(W2,2);
Group([ (1,3)(2,4), (1,2), (1,2)(3,4)
])
gap> for i in H3 do;
> Print(i,"");
> od;
()(3,4)(1,3)(2,4)(1,3,2,4)(1,4)(2,3)(1,
4,2,3)(1,2)(3,4)(1,2)
gap> IsSimple(H3);
false

gap> quit;
3.3

Algorithms for the result in 2.3

gap> C3:=Group((1,2));
Group([ (1,2) ])
gap> D3:=Group((3,4,5));
Group([ (3,4,5) ])
gap> W3:=WreathProduct(C3,D3);
Group([ (1,2), (3,4), (5,6),
(1,3,5)(2,4,6) ])
gap> H4:=SylowSubgroup(W3,2);
Group([ (1,2)(3,4)(5,6), (1,2)(5,6),
(1,2)(3,4) ])
gap> for i in H4 do;
> Print(i,"");
> od;
()(5,6)(3,4)(3,4)(5,6)(1,2)(3,4)(5,6)(1
,2)(3,4)(1,2)(5,6)(1,2)
gap> H5:=SylowSubgroup(W3,3);
Group([ (1,3,5)(2,4,6) ])
gap> for i in H5 do;
> Print(i,"");

60
> od;
()(1,5,3)(2,6,4)(1,3,5)(2,4,6)
gap> IsSimple(H4);
false
gap> IsSimple(H5);
true

gap> quit;
3.8

Algorithms for the result in 2.4

gap> C4:=Group((1,2,3));
Group([ (1,2,3) ])
gap> D4:=Group((4,5,6));
Group([ (4,5,6) ])
gap> W4:=WreathProduct(C4,D4);
Group([ (1,2,3), (4,5,6), (7,8,9),
(1,4,7)(2,5,8)(3,6,9) ])
gap> H6:=SylowSubgroup(W4,3);
Group([ (1,4,7)(2,5,8)(3,6,9), (1,2,3),
(1,3,2)(4,5,6), (1,2,3)(4,5,6)(7,8,9)
])
gap> for i in H6 do;
> Print(i,"");
> od;
()(7,9,8)(7,8,9)(4,6,5)(7,8,9)(4,6,5)(4
,6,5)(7,9,8)(4,5,6)(7,9,8)(4,5,6)(7,8,9
)(4,5,6)(1,2,3)(4,5,6)(7,8,9)
(1,2,3)(4,5,6)(1,2,3)(4,5,6)(7,9,8)(1,2
,3)(7,9,8)(1,2,3)(7,8,9)(1,2,3)(1,2,3)(
4,6,5)(1,2,3)(4,6,5)(7,9,8)(1,2,3)
(4,6,5)(7,8,9)(1,3,2)(4,6,5)(7,9,8)(1,3
,2)(4,6,5)(7,8,9)(1,3,2)(4,6,5)(1,3,2)(
4,5,6)(1,3,2)(4,5,6)(7,9,8)(1,3,2)
(4,5,6)(7,8,9)(1,3,2)(7,8,9)(1,3,2)(1,3
,2)(7,9,8)(1,7,4)(2,8,5)(3,9,6)(1,7,6,3
,9,5,2,8,4)(1,7,5,2,8,6,3,9,4)
(1,7,5)(2,8,6)(3,9,4)(1,7,4,3,9,6,2,8,5
)(1,7,6,2,8,4,3,9,5)(1,7,6)(2,8,4)(3,9,
5)(1,7,5,3,9,4,2,8,6)(1,7,4,2,8,5,3,9,6
)
(1,8,6)(2,9,4)(3,7,5)(1,8,5,3,7,4,2,9,6
)(1,8,4,2,9,5,3,7,6)(1,8,4)(2,9,5)(3,7,
6)(1,8,6,3,7,5,2,9,4)(1,8,5,2,9,6,3,7,4
)
(1,8,5)(2,9,6)(3,7,4)(1,8,4,3,7,6,2,9,5
)(1,8,6,2,9,4,3,7,5)(1,9,5)(2,7,6)(3,8,
4)(1,9,4,3,8,6,2,7,5)(1,9,6,2,7,4,3,8,5
)
(1,9,6)(2,7,4)(3,8,5)(1,9,5,3,8,4,2,7,6
)(1,9,4,2,7,5,3,8,6)(1,9,4)(2,7,5)(3,8,
6)(1,9,6,3,8,5,2,7,4)(1,9,5,2,7,6,3,8,4
)
(1,4,7)(2,5,8)(3,6,9)(1,4,7,3,6,9,2,5,8
)(1,4,7,2,5,8,3,6,9)(1,4,9)(2,5,7)(3,6,
8)(1,4,9,3,6,8,2,5,7)(1,4,9,2,5,7,3,6,8
)
(1,4,8)(2,5,9)(3,6,7)(1,4,8,3,6,7,2,5,9
)(1,4,8,2,5,9,3,6,7)(1,5,9)(2,6,7)(3,4,
8)(1,5,9,3,4,8,2,6,7)(1,5,9,2,6,7,3,4,8
)
(1,5,8)(2,6,9)(3,4,7)(1,5,8,3,4,7,2,6,9
)(1,5,8,2,6,9,3,4,7)(1,5,7)(2,6,8)(3,4,
9)(1,5,7,3,4,9,2,6,8)(1,5,7,2,6,8,3,4,9
)
(1,6,8)(2,4,9)(3,5,7)(1,6,8,3,5,7,2,4,9
)(1,6,8,2,4,9,3,5,7)(1,6,7)(2,4,8)(3,5,
9)(1,6,7,3,5,9,2,4,8)(1,6,7,2,4,8,3,5,9
)
(1,6,9)(2,4,7)(3,5,8)(1,6,9,3,5,8,2,4,7
)(1,6,9,2,4,7,3,5,8)
gap> IsSimple(H6);
false
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gap>

gap> quit;

gap> quit;
3.9

Algorithms for the result in 2.6.1

gap> D6:=DihedralGroup(IsGroup,6);
Group([ (1,2,3), (2,3) ])
gap> N1:=SylowSubgroup(D6,2);
Group([ (2,3) ])
gap> for i in N1 do;
> Print(i,"");
> od;
()(2,3)
gap> IsSimple(N1);
true
gap> N2:=SylowSubgroup(D6,3);
Group([ (1,2,3) ])
gap> for i in N2 do;
> Print(i,"");
> od;
()(1,3,2)(1,2,3)
gap> IsSimple(N2);
true

gap> quit;
3.10

Algorithms for the result in 2.6.2

gap> D8:=DihedralGroup(IsGroup,8);
Group([ (1,2,3,4), (2,4) ])
gap> N3:=SylowSubgroup(D8,2);
Group([ (2,4), (1,2,3,4), (1,3)(2,4) ])
gap> IsSimple(N3);
false
gap> for i in N3 do;
> Print(i,"");
> od;
()(2,4)(1,3)(2,4)(1,3)(1,4,3,2)(1,4)(2,
3)(1,2,3,4)(1,2)(3,4)

gap> quit;
3.11

Algorithms for the result in 2.6.3

gap> D24:=DihedralGroup(IsGroup,24);
Group([ (1,2,3,4,5,6,7,8,9,10,11,12),
(2,12)(3,11)(4,10)(5,9)(6,8) ])
gap> N4:=SylowSubgroup(D24,2);
Group([ (2,12)(3,11)(4,10)(5,9)(6,8),
(1,10,7,4)(2,11,8,5)(3,12,9,6),
(1,7)(2,8)(3,9)(4,10)(5,11)(6,12) ])
gap> for i in N4 do;
> Print(i,"");
> od;
()( 2,12)( 3,11)( 4,10)( 5, 9)( 6, 8)(
1, 7)( 2, 6)( 3, 5)( 8,12)( 9,11)( 1,
7)( 2, 8)( 3, 9)( 4,10)( 5,11)( 6,12)
( 1, 4, 7,10)( 2, 5, 8,11)( 3, 6,
9,12)( 1, 4)( 2, 3)( 5,12)( 6,11)(
7,10)( 8, 9)( 1,10)( 2, 9)( 3, 8)( 4,
7)( 5, 6)
(11,12)( 1,10, 7, 4)( 2,11, 8, 5)(
3,12, 9, 6)
gap> IsSimple(N4);
false
gap> N5:=SylowSubgroup(D24,3);
Group([ (1,5,9)(2,6,10)(3,7,11)(4,8,12)
])
gap> for i in N5 do;
> Print(i,"");
> od;
()( 1, 9, 5)( 2,10, 6)( 3,11, 7)( 4,12,
8)( 1, 5, 9)( 2, 6,10)( 3, 7,11)( 4,
8,12)
gap> IsSimple(N5);
true

GSJ© 2018
www.globalscientificjournal.com

GSJ: Volume 6, Issue 1, January 2018
REFERENCES

Aschbacher M.(2004),"The Status of the Classification
of the Finite Simple Groups" (PDF), Notices of
the American Mathematical Society, 51 (7):
736–740.

Audu M. S. (2001).“Wreath Product of Permutation
Groups”. A Research Oriented Course In
Arithmetics of Elliptic Curves, Groups and
Loops, Lecture Notes Series, National
Mathematical Centre, Abuja,

Audu M.S., OsonduK.E, SolarinA.R(2003),”Research
Seminar on Groups, Semi Groups and Loops,”
National Mathematical Centre, Abuja, Nigeria
(October).

BaumSlag B. and Chandler B. (1968), ―Theory and
problems of Group‖ Theory.Shaum‘sOuline.
McGraw -Hill Book Company. ISBN 5 6 7 8 9
1 0 SHSH 7 5 4. Pg. 149-170

Dummit, David S.; Foote, Richard M. (2004).“Abstract
Algebra”(3rd ed.).John Wiley & Sons.ISBN 0471-43334-9.

62
Kleiner I. (1986), "The evolution of group theory: a
brief survey", Mathematics Magazine59 (4):
195–215, doi:10.2307/2690312, ISSN 0025570X, JSTOR 2690312, MR863090

Kurosh A.G. (1956), "The theory of groups", 1–2 ,
Chelsea (1955–1956) (Translated from
Russian)

M. Bello et al (2017),‖ Construction of Locally Solvable
groups using two permutation groups
by wreath
products‖, ABACUS Journal of Mathematical
Association of Nigeria. ABA/17/M/039
Milne J. S.(2013), Group Theory, Version 3.13.
www.jmilne.org/math/.Retrieved 28 April,
2017

Praeger C. E. and Scheider C. Ordered Triple Designs
And Wreath Product of Groups technical
report supported by an Australian Research
Council large grant, (2002).

Thanos G. (2006), ― Solvable Groups-A numerical
Approach‖http://abstract.ups.eduRetrieved 29
April, 2017.

Hall M. Jr. (1959),”The Theory of Groups” Macmillan
Company New York.

Hamma S. and Mohammed M.A. (2010),”Constrcting
p-groups From Two Permutation Groups by
Wreath Products Method”, Advances in
Applied Science Research, 2010, 1(3), 8-23

Hielandt, H. (1964),” Finite Permutation Groups”,
Academic Press, New York, London.

Ibrahim A. A. and Audu M. S. (2007). ―On Wreath
Product of Permutation Groups” Vol. 26, No
1, pp. 73-90, May 2007. Universidad
Cat´olicadel Norte Antofagasta - Chile

Joachim N. et al(2016),“Groups Algorithm and
Programming”, 4.8.5, 25-Sep-2016, build of
2016-09-25 14:51:12 (GMTDT)

GSJ© 2018
www.globalscientificjournal.com

