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ABSTRACT: 

 

 Latin quandles are special subclass of finite quandles. In this paper, we study Latin quandles of 
order p (prime) and of cyclic type. The set of isomorphism classes of Latin quandles are 
described in the result of this paper through which we gave a classification of Latin quandles of 
cyclic type of order p; p ≤ 13. 

 

I. INTRODUCTION 
The work of Joyce and Matveev put the foundation for the modern theory of quandles, which 

covers, to some extent, many traditional aspects of self-distributive  as a special case ( self-

distributive quasigroups, or Latin quandles, in particular)[16]. 

Quandles are strictly non-associative binary algebras that are idempotent and distributive. 

However, the notion of self-distributive binary algebra is not new in literature. It appears with 

many different names [3], and [4]. One of the earliest examples is the work of [2]. 

Since then, different authors at different times have helped to develop this notion either in part or 

whole. For example [5], called this notion Kei. Today, Kei has been understood as Involutory 

quandle. [6] Acknowledge that several authors have worked on self distributive systems and 

distributive quasigroups respectively. The later has become known as Latin quandle in present 

terminology. In this paper, we will be focusing more on Latin quandles especially of cyclic type. 

This brief review shows that there are many examples of quandles. What makes quandles 
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popular in literature is that they provide several invariants of knots, especially the class of 

connected quandles [6]. It is less surprising, therefore that researchers pay more attention to 

connected quandles. However, all Latin quandles are connected quandles but not all connected 

quandles are Latin quandles. [7], describes the set of isomorphism classes of quandles of cyclic 

type with cardinality up to 12 in terms of cyclic permutation. A quandle with cardinality n is said 

to be a cyclic type if all right multiplication are cyclic permutations of order n-1. Since this 

quandle structure is very tractable. Latin quandles of cyclic type are potentially useful for 

applications in knot theory and cryptography. Many researchers have done a great deal of work 

on Latin quandles, worthy of note are, [8], studied quandle of cyclic type, which they called 

quandles of constant profile ({1, n-1}, …, {1,n-1}). They studied such quandles in terms of 

cyclic permutation, and classify those with cardinality up to 8. In addition, [15] studied structures 

of quandles of cyclic type and gave a table of those with cardinality up to 35.  Note that his table 

is obtained by using the list of connected quandle with cardinality up to 35 ( Vendramin’s list of 

indecomposable quandles). From this point of view we study Latin quandles of order P (where P 

is a prime number). The classes of quandles are not only connected quandles but are also having 

symmetric and less complicated structures which made it a special subclass of finite quandles 

that is very fruitful in many areas of applications such as cryptography. All quandles of cyclic 

type with one fixed point are Latin quandles but all Latin quandles are not quandles of cyclic 

type.[12]. Therefore, Latin quandles are a generalization of quandles of cyclic type. In particular, 

for every prime number 3p ≥ , there exists a quandle of cyclic type with cardinality P. This 

suggests that the classes  of quandles of cyclic type is fruitful. In this paper, we study and 

describe Latin quandles with cardinality P and of cyclic type. However, our main theorem gives 

a bijection from   onto Q  when Qn n nX  denotes the set of cyclic permutations of order n-1 

satisfying two conditions. This bijection is useful for studying Latin quandles of cyclic type since 

the Latin quandles can be characterized by certain cyclic permutations. Therefore, we apply our 
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main theorem to the classification of quandles of cyclic type and provide a list of those with 

cardinality up to 13. Our study extend some results by [11], [12] and [1]. Our new contribution 

sequel to Kamada’s, is Latin quandles application to cryptography. The paper is organized as 

follows; in Section 2 we recall some fundamental notions on quandles. In Section 3, the 

definition and some properties of quandles of cyclic type are summarized. In section 4 we stated 

the main theorem and give table of quandles of cyclic type of order p≤ 13. Section 5 contains the 

proof of the main theorem. For the purpose of clarity we define the following. 

II. PRELIMINARIES 

We briefly review some definitions and examples of quandles.  

Definition 2.1:  [13], [1];  A quandle   ( ),X ∗ is a set with a binary operation  ( ),a b a b→ ∗  

satisfying the following conditions  

(1). For any  , a a = aa X∈ ∗   

(2). for any ,  ,b c X∈ there is a unique  a X∈ such that  a  = cb∗  

(3). for any , , ,a b c X∈ we have ( ) ( ) ( )a b c a c b c∗ ∗ = ∗ ∗ ∗   

If  ( ),X ∗  is a quandle then ∗  is called quandle structure on X. we restate the definition of 

quandle of quandle as follows  

Proposition 2.1 : [11], let X be a set , and assume that there exist a map 
:  for every x .xs X X X→ ∈  then, the binary operation  ∗  defined by : ( )xy x s y∗ =  is a quandle 

structure on X if and only if 

( ) ( )
( )
( ) ( )

1 , = 

2 ,   is bijective, and

3 , ,  s = s  
x

x

x

x y s y x

S x Q s x x

S x Q s

S x y Q s s

∀ ∈

∀ ∈

∀ ∈  

 

Instead of definition 2.1, throughout this paper, we denote the quandle by ( ),X Q s=  with the 

quandle structure 

: ( , ) : xs Q Map Q Q x s→   Here Map (Q,Q) denotes the set of all maps from Q to Q 

Example 2.3: [11] and [1], the following (Q, s) are quandles: 

Let Q be any set and :  for every q Q. then the pair (Q,s) is called the trival quandle.x qs id= ∈  
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(1) Let  
{ }: 1,...  and s ( ) : 2  (mod n) for any i,j Q. then the pair (Q,s) is called 

the dihedral quandle with cardinality n
iQ n j i j= = − ∈

 

(2) Let { } 1 2 3 4 5: 1, 2,3, 4,5  and s : (2354),s : (1534),s : (1452),s : (1325),s : (1243).Q = = = = = =  

then the pair (Q,s) is called pentahedron quandle ( Latin quandle of order 5).  Note that 
(2354), (1534), and this symbol regularly in the later sections. 

(3) All quandle of prime order are connected and are cyclic type must be connected.  

Remark 2.1: property (1) implies that every element in a quandle has self identity, and inverse 
elements are general not unique in quandles. 

Definition 2.2:  [12], An involutory quandle is a quandle which satisfies  ( )a  a b b∗ ∗ =  

Remark 2.2: Any involutory quandles X is also called kei, particularly if the right translations 
are involutions: 2  for all aaR id X= ∈ . 

Joyce reported a class of quandles in which the symmetries S(y) are all involutions. For this class 
of quandle the two operations in a quandle coincide.  

Definition 2.3: J. [14], let  ( ) ( ), , ,X YQ s X s  be quandles and :f Q X→ be a map. 

(1) f is called a homomorphism if for every ( ),  holds.X X
x f xx Q f s s f∈ =   

(2) f is called an isomorphism if is a bijective homomorphism. 

An isomorphism from a quandle (Q, s) onto itself is called an automorphism. The set of 
automorphisms of (Q, s) forms a group, which is called the automorphism group and denoted by 
Aut (Q,s). Note that ( )xs x Q∈  is an automorphism of (Q,s). the subgroup of Aut (Q,s) generated 

by { }xs x Q∈  is called the inner  automorphism group of (Q,s) and denoted by Inn(Q,s). 

Definition  2.4. A quandle (Q,s) is said to be connected if Inn(Q,s) acts transitively on X.  

On the connectedness of the quandles in Example 2.3.the following is well-known. We denoted 
by #Q the cardinality of Q 

Example 2.6.  One has the following: 

(1) The trivial quandle (Q,s) is connected if and only if #Q=1. 
(2) The dihedral quandle (Q,s) is connected if and only if #Q is odd. 
(3) The pentahedron quandle is connected 
(4) The Latin quandle of prime order is cyclic type. 

III. QUANDLES OF CYCLIC TYPE 
 

Definition 3.1 [15], A quandle (Q, s) with # 3Q n= ≥ is said to be cyclic type if for every , xQ s

acts on { }\Q x as a cyclic permutation of order n-1. This notion is closely related to the notion of 
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two-point homogeneous quandle. A quandle (Q,s) is said to be two-point homogeneous if for any  
( ) ( )

( ) ( )( ) ( )
1 2 1 2 1 2 1 2

1 2 1 2

, , ,  satisfying x   y ,  there exist f Inn(Q,s) such that 

, ,

x x y y Q Q x and y

f x f x y y

∈ × ≠ ≠ ∈

=
 

The second author studied quandles of cyclic type in [15] because of the following proposition. 

Proposition 3.1 [15], every quandle of cyclic type is two-point homogeneous. The following is a 
characterization of quandles of cyclic type, which we use in the latter arguments. In particular, 
quandles of cyclic type must be connected. 

Proposition  3.2 [15], let ( , )Q Q s= be a quandle with # 3.Q n= ≥  then, X is of cyclic type if 
and only if 

(i) Q is connected, and  
(ii) There exist q Q∈  such { } acts on Q\xs x  as a cyclic permutation of order n-1. 

IV. MAIN THEOREM 

If the structure of a quandle is given, then one can easily check whether it is of cyclic type or not. 
We here give some easy examples. 

Example 3.3 we have the following; 

(1) The trivial quandles are not of cyclic type 
(2) The dihedral quandle (Q,s) is of cyclic type if and only if #X= 3. 
(3) The pentahedron quandle is of cyclic type 
(4) The Latin quandle of prime order 13 is cyclic type.  

In this section, we state our main theorem, and give a table of quandles of cyclic type with 
cardinality 13. The following notations will be used throughout the remaining of this paper; 

 { }: 1, 2,...,  with n 3Q n= ≥  

 nS  denoted the symmetry group of order n. 

 ( ) { }1
:  is a cyclic permutation of order n-1 .n nn

S Sσ σ
−
= ∈   

Definition 4.1 [11], we denote by #
nC  the set of all quandles structures of cyclic type on Q that is  

{ }#
1: : ( )  satistfies (S1),(S3)n n nC s Q S s−= →  (Note that every #

ns C∈  automatically satisfies (S2). 

We denoted by nC to the set of isomorphism classes of quandles of cyclic type with cardinality n. 

Definition 4.2[11], let 1 : (23... )S n=  we denote by  2 1 set of S ( )n n nQ the S −∈  satisfying the 
following two conditions:   

{ } { }
2

1 1

( 1)  (2) 2 and 

( 2)  2,3... , 1, 2... 1 2,3... , 1, 2... 1m m r m m m r m

Q S

Q S S S S m n r n S S S S m n r n− −

=

= = − = = = −
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Recall that (23...n) denotes the cyclic permutation. The following is the main theorem of this 
paper which gives a one-to-one correspondence between n nC and Q  

Theorem 4.1 

Let 1 2 2: (2 3 ... ), ( ) : ( , )nS n S Q and define S Q Map Q Q byϕ= ∈ →  

( )( )
1

2 2
1

2 1 2 3

1
: 2

i

S i
S S i

S S S S
ϕ

−

 =
= =
 =

 Then we have ( ) #
2 ,nS C andϕ ∈ hence give a Map #: .n nQ Cϕ →   

This induces from n nQ onto C  

Proposition 4.2 recall that  ( ){ } ( ){ }513 15 3 4nQ and Q= =  

Proof: The basic strategy is the following.  First of all, we list up all elements in ( ) 1n n
S

−

satisfying (Q1). These elements are called the members for clarity we then check whether each 
member satisfies (Q2) or not in these case of n = 3. In the case of n = 3 ,  the only member is 

2 (13)S = . 

1 1
2 1 2 1 2 1(12)S S S S S S− −= =  . Hence S2, satisfies Q2. This proves the first assertion.  

Proposition 4.3 we have { }5 (1534), (1435)Q =  

Proof: there are six members as for the set of 5;Q  

( ) ( ) ( ) ( ) ( ) ( )2 1345 , 1354 , 1543 , 1435 , 1534 , 1453S =  One can observe that ( )1534 and ( )1435

satisfy Q2. We omit proof for the two cases. Therefore we show that the remaining four 
members do not satisfy (Q2). 

Case (1); ( ) ( )2 1: 1345 , 2354S S= =  let m= -1 therefore ( ) ( )1345 ; 1253 1432≠  

2 1 2 1 2 1
m mS S S S S S− −≠    

Case (2); ( )2 1354 ; 1S let m= = −  

( ) ( )1243 1532≠  ; 2 1 2 1 2 1
m mS S S S S S− −≠  

Case (3); ( )2 1543S = ; 

( )1532 2345≠  ;  1 1
2 1 2 1 2 1S S S S S S− −≠  

Case (4); ( )2 1453S =  
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( )1235 1342≠ ; 1 1
2 1 2 1 2 1S S S S S S− −≠  

This completes the proof of second assertion. When n = 3 the Latin quandles corresponding to 

2 : (13)S =  is the dihedral quandles with cardinality 3 (prime). When n = 5 , the Latin quandles 

corresponding to ( ) ( ){ }2 1534 , 1435S = is pentahedron quandles. When 5 ; (prime)n n p≥ = . 

Lemma the following Lemma is useful to examine whether each cardinality satisfies (Q2) or not 

Lemma 4.1 [11], 2 nS Q∈  and m=-1 satisfies 1 2
m lS S− −=  then we have 2 1 2 1 2 1

m lS S S S S S− −=   

Proof: since { } 21, 2,..., 2n nQ n and S Q= − ∈  satisfies (Q2) there exist  such that  = ml l∈Z  

then  2 1 2 1 2 1
m lS S S S S S− −=  . 

Note that 2 1 2
mS S S−  is a cyclic permutation of order n- 1, having the imagined fixed point 1 (2)mS −  

similarly,  1 2 1
lS S S−  has the imagine fixed point 2 (1)lS − . Hence combining with the assumption, one 

has 2 2 2(1) (2) (1)m lS S S− −= =  

Since ( )2 1n n
S S

−
∈ and it satisfies (Q1), we conclude  1l = −  this completes the proof. 

The above lemma is useful to determine the set  for any n = p  ( prime).nQ  here we apply it to 
case of 13n = . 

Proposition 4.4 we have 
( ) ( )
( ) ( )13

1 9 5 7 6 13 3 8121011 4 , 18 510 6 4 3 912 71113 ,

11311712 9 3 4 610 5 8 , 1 4111012 8 313 6 7 5 9
Q

  =  
  

 

Proof: As for the set 13Q , there are four members. S2 =; (1 9 5 7 6 13 3 8 12 10 11 4), (1 8 5 10 6 4 
3 9 12 7 11 13), (1 13 11 7 12 9 3 4 6 10 5 8), (1 4 11 10 12 8 3 13 6 7 5 9) One can directly see 
that all four members satisfy (Q2). That ends the proof. 

N # nQ
 

nQ  

2 0 0 
3 1 ( ){ }13  
5 2 ( ) ( ){ }1534 , 1435  
7 2 ( ) ( ){ }167354 , 145376  
11 4 ( ) ( ) ( )

( )
1119 5 8 3 4 6 10 7 , 1710 6 4 3 8 5 911 , 1 5 4 7 9 3 10 11 8 6 ,

1 6 8 11 10 3 9 7 4 5

  
 
  

 

13 4 ( ) ( )
( ) ( )
1 9 5 7 6 13 3 8 12 10 11 4 , 1 8 5 10 6 4 3 9 12 7 11 13 ,

1 13 11 7 12 9 3 4 6 10 5 8 , 1 4 11 10 12 8 3 13 6 7 5 9

  
 
  
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Table 1: Latin Quandles of cyclic type with prime cardinality up to 13 

 

The results are summarized in table 1, which gives a classification of Latin quandles of cyclic 
type with prime cardinality up to 13. Then note that # nQ  denotes the cardinality of  nQ  we note 
that table 1 agrees with some previous known results [11],  [8]and[11]. By looking at the 
classification we conjecture the following,  

Conjecture 4.5: let 3n ≥  then there exist a Latin quandles of cyclic type if and only if n is a 
power of a prime number. 

V. PROOF OF THE MAIN THEOREM 

In this section we proof theorem 4.1, which gives a bijection from nQ  onto nC . 

 

Proof : 

For this proof, we define auxiliary sets nP  and nR , then we constructed bijections 

3 2 1: , : , : (5.1)n n n n ng Q P g P g R C→ →  

In this subjection, we define a set nR  and constructed bijection from on to nR onto nC   (5.1)  is 

a bijection from nR onto nC . Recall that { } 1: 1,..., , ( )n nQ n and S −= is the subset of nS  

consisting of all cyclic permutations of order n-1.  

Two subsets ', nSω ω ⊂ are said to be conjugate if there exists ng S∈  such that 1 1g gω ω− −= . 

Definition 5.1 we denoted by #
nR  the set of 1( )n nSω −⊂  satisfying  

1( 1) , ,R s S s andω ω ω−∀ ∈ ⊂  

( 2) ; ( )R x Q there exist s s x xω∀ ∈ ∈ =  

We also denoted by nR the set of conjugate classes [ ]ω of #
nRω∈ . Firstly we study #

nR . Note that 

condition (R1) and (R2) are presented by conjugation. Namely; if #
nRω∈  and is conjugate o 'ω , 

then one has ' #
nRω ∈ . Therefore, the following lemma yields that every #

nRω∈  satisfies # nω =  

Lemma 5.2 Let #
nRω∈  . for each ,x Q∈ denote by w

xS ω∈  the unique element with ( ) .w
xS x x=  

Then, the obtained map Sω ; Q ω→  is bijective. 
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Proof 

We show that wS is surjective. Take any S ω∈ . Since 1( )n ns S −∈ , there exist x Q∈ such that 

( )S x x= by definition. Thus x is the unique fixed point of 1( )w
x n nS S −∈ . Similarly, y is the unique 

fixed point of w
yS . This concludes x = y 

Lemma 5.3 the above defined map 1( )n nS Q Sω
−→  satisfies # ,nS Cω ∈ that is ( , )Q Sω  is a 

Latin quandles of cyclic type. 

Proof:  

By definition Sω  Satisfies (S1). Hence we have only to show (S3). Take any ,x y Q∈ . Condition 
(R1) yields 

1( ) (5.2)w w
y x yS S Sω ω− ∈   

1( ) ( ( )) ( ) ( ) (5.3)w
y x y x y x yS S S S y S S y S xω ω ω ω ω ω− = =    

Therefore from the uniqueness in (R2), we have; 

1 1
( )

( ) ( ( )) (5.4)
x

w
y x y x s y

S S S S S y S ω
ω ω ω ω ω− −= =   

This proves (S3). This completes the proof. 

Lemma 5.4:  The following map is surjective  

# #
1 : :n ng R C Sωω
−

→ →  

Proof: 

Take any #.nS C∈ let us put  

{ } 1: ( ) (5.5)x n ns x Q Sω −= ∈ ⊂  

We prove that #
1( )nR and g sω ω

−

∈ =  

We show that ω satisfies (R1). Take any 1, since sx y xs s ω −∈ is an automorphism, one has 

1
1 ( ) (5.6)

y
x y x S

s s s S x ω−
− = ∈   

This proves 1
y yS sω ω− ⊂  
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Next we show that ω satisfies (R2). Take any x Q∈ . Since s satisfies (S1), 

( )x xs satisfies s x xω∈ = . Since #
ns C∈ , one has 1( )y n ns S −∈ .hence x is the unique fixed point  

of ys . Thus (S1) yields that x = y which proves the uniqueness. By definition of 
_

1g , it is obvious 

to see that  
_

1( )g sω =  this completes the proof. 

Lemma 5.5  the following map is well-defined; 

1 : :[ ] [ ]n ng R C sωω→ →  

Proof:  

Let ' #, ,nRω ω ∈ and assume that  '[ ] [ ]ω ω= . Hence there exists 1 1such that =gng S gω ω− −∈ . In 

order to show
'

[ ] [ ]S Sω ω= , it is enough to prove that the following map is a quandles 
Isomorphism; 

'

: ( , ) ( , )g Q S Q Sω ω→  This is obvious bijective. We show that g is a quandles homomorphism. 
Take any x Q∈ . By definition, one has  

'

( ) ( ( )) ( ) (5.8)g xS g x g xω =  

This means that 

' 1
( ) ( ) (5.9)y x y xS g S xω ω− =   

on the other hand one has 

' 1 1
( ) (5.10)y xS g g g gω ω ω− −∈ = 

 

Hence , from the uniqueness in (R2). We have  

' 1
( ) (5.11)g x xS g g Sω ω− =

 

This proves that g is a quandles homomorphism. We now show that the above defined map 1g is 
bijective. The following is the main result of this subsection. 

Proposition 5.6  The map 1: n ng R C→ is bijective 
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Proof: 

Recall that g1 is surjective, since, so is 
_
1g from lemma (5.4). it remains to show that g1 is 

injective. Let '[ ],[ ] ,nRω ω ∈ and assume that ([ ]) 1([ ])gω ω= . By definition, one has 
'

[ ] [ ],S Sω ω=

that is there exist a quandles isomorphism. 

' '

: ( , ) ( , ) (5.12)g Q S Q Sω ω→  

Since g is bijective, we have ng S∈ . Since g is a homomorphism, we have for any x Q∈ that 

1 ' 1
( ) ( ) ( ) (5.13)x y x y xS S g S x gω ω ω ω ω− −= ∈ 

this proves ' 1g gω ω −⊂ . Recall that '# #nω ω= = holds from lemma 5.2. therefore, we have 
1g gω ω −= , and thus '[ ] [ ].ω ω=  this concludes that g1 is injective. (5.2) is a bijection from nP  

onto nR . We denoted by 

{ }, (1, 2) : (1) 1, (2) 2 (5.14)n nS u S u u= ∈ = =

two elements ( ) ( ) ( )1 2 1 2 11
, , , ( )n n nn

u u v v S S −−
∈ × are said to be 

1 1
1 2 1 2, (1, 2) conjugate if (u , ) ( , )nS u v vλ λ λ λ− −− =  for some (1,2).nSλ∈  

Definition 5.7 we denote by #
nP  the set of ( )1 2 1 1, ( ) ( )n n n nu u S S− −∈ × satisfying. 

(P1) { } { }
1 2

1 1
2 1 2 1 2 1

(1) 1, (2) 2 and 

(P2)

u u

u u u u u u− −

= =

=
 

We also denote by np   the set of ( )1,2 conjugacy classes nS −  #
1 2 1 2[( , )] of ( , ) nu u u u P∈  firstly of 

all, we construct a map from #
nP  to #

nR . 

Lemma 5.8:  let #
1 2( , ) nu u P∈ . Then one has  

{ } { }
1 2

1
( , ) 1 2 2 1 2: , (5.15)u u nu u u u u Rω −= ∪ ∈

 

Proof :  

we need to show that 
1 2( , )u uω satisfies (R1) and (R2). In order to show (R1), it is enough to prove 

1 2 1 2 1 2 1 2

1
2 ( , ) 2 ( , ) ( , ) 1 ( , ), (5.16)u u u u u u u uu u u uω ω ω ω−⊂ ⊂

 

Note that 1u  has order n-1. Then one has  
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1 2

1
1 1 1 1 ( , )u uu u u u ω− = ∈  

( )1 2

1 1
2 1 2 1 2 1 , (5.17)u uu u u u u u ω− −= ∈

 

This proves (5.16) and (P2) yield that  

{ } { }
1 2

1
( , ) 1 2 2 1 2, (5.18)u u u u u u uω −= ∪  

Next  (R2). Take any . 1, 2,x Q if x∈ = then it is fixed by 
1 21 2 ( , ), u uu u ω∈ , respectively. Assume 

1,2,x ≠  by (P1) and ( )1 1
,n n

u S
−

∈ there exists -1 such that 1
1 (2).x u−=  then one has  

1 1 1 1
2 1 2 2 1 2 2 2 1 1( ) ( (1)) (1) (2) (5.19)u u u x u u u u u u u x− − − −= = = =  

This completes the proof of the existence. On the other hand, by definition, one has ( )1 2,# u u nω ≤ .  

 This shows the uniqueness. 

Lemma 5.9: the following map is defined 

1 21 2 ( , )2 : :[( , )] [ ]n n u ug p R u u ω→ →   

Proof: let ( ) ( )' '
1 2 1 2, , , nu u u u p ∈      and assume that ( ) ( )' '

1 2 1 2, ,u u u u =     , then there exist 

( ), 1,2nSλ∈  such that  

' 1 ' 1
1 1 2 2, (5.20)u u u uλ λ λ λ− −= =  

( ) ( )1 2 1 2

1
, , (5.21)u u u uw wλ λ− =  

 

Since  ( ) ( ) ( ) ( )' ' ' '1 2 1 21 2 1 2

#
, ,, ,

, ,  hence  #nu u u uu u u u
w w R w n w∈ = =   by lemma (5.2). this complete the proof of 

( ) ( )' '1 2 1 2
, ,u u u u

w w   =    
 

Next we need to prove that g2 is bijective by constructing inverse map from # #
n nR to P . Recall that   

# #1: ; (5.22)w
n ng R C w S→ →

 

Lemma 5.10:  Let #
nw R∈  then one has ( )1 2,w w

ns s P∈  
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Proof:  we put :  for which w
x xs s x Q= ∈  by definition, ( )1 2,s s  obviously satisfies ( )1P  we need 

to show ( )1P  

Firstly we claim that  

{ } { }1
2 1 2 3, 4,... (5.23)xs s s s x n− = =

 

Since w satisfies ( )1R  we have  

1 1
2 1 2 2 2 (5.24)s s s s ws w− −= ⊂  

Thus, it follows from ( )( ) ( )1
2 1 2 2 21 1s s s s s− =  and the uniqueness in ( )2R that  

( )
2

1
2 1 2 1 (5.25)ss s s S− =

 

Since ( ) ( )2 2 1
1 1 n n

s and s s then
−

= ∈  

( ){ } { }2 2 3,4,..., (5.26)s n=
 

This completes the proof of the claim. The above lemma gives a map from # #
n nR to P . Next is to 

show that the map induces a map from n nR to P  

Lemma 5.11: The following map is well-defined; 

[ ] ( )2 1 2: : , (5.27)w w
n nf R P w s s → →  

 

Proof: let [ ] ', nw w D ∈  , and assume that [ ] 'w w =    by definition, there exist 
1 'such that ng s w g w g−∈ = . It then follows from lemma 5.5 that  

( ) ( )'

: , , (5.28)w wg Q s Q s→

Is a quandles isomorphism. Note that ( )'

, wQ s  is of cyclic type, and hence two points 

homogeneous. Therefore, since ( ) ( )1 2g g≠ , there exist ( )'

I , wh nn Q s∈  such that  

( ) ( ) ( )1 , 2 1,2 . (5.29)h g h g = 

These yields ( ), 1,2 .nh g s∈  note that h g is a Latin quandles isomorphism from 

( ) ( )'

, ,w wQ s onto Q s . Thus we have 
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( ) ( ) ( )
' '1

1 11 (5.30)w w w
h gh g s h g s s− = =


     

This completes the proof of ( ) ( )' '

1 2 1 2, ,w w w ws s s s   =   
. By showing that 2f  is the inverse of 2g . 

We have the following main result of this subsection. 

Proposition 5.12: The map 2 : n ng P R→  is bijective 

 Proof: we show that 2f is the inverse map of 2g . It is clear that the composition 2 2f g is 

identity mapping. Consider 2 2 : ,n ng f R R→ and take any [ ] nw R∈  then one has 

[ ]( ) ( )2 1 2,w wf w s s =   . One also has [ ]( ) '
2 2g f w w =   where 

{ } ( ){ }1

1 2 2 1 2: , (5.31)w w w w ww s s s s s
−

= ∪

Since ws is a quandles structure, one can see 'w w⊂ thus we have 'w w= for cardinality reason. 
This shows that 2 2g f is the identity mapping. Recall (5.3) is a bijection from n nQ onto R . We 

lastly construct a bijection from n nQ onto P , let ( )1 : 2,3,...s n= and recall that nQ Is the set of 

( )2 1n n
s s

−
∈  satisfying ( ) ( )1 2Q and Q  

Proposition 5.13: the following map is bijective  

( )3 2 1 2: : ,n ng Q P S s s→ →     

Proof: we show that 3g  is surjective. Take any ( )1 2, nu u P∈    since ( ) ( )1 11
1 1n n

u s and u
−

∈ =  we 

can write ( )1 3 42 ... nu a a a= . Let us define ( ), 1, 2ng s∈ by 

3

1 2 3 . . .
: (5.32)

1 2 . . . n

n
g

a a
 
 
 

 

An easy computation show 1
1 1g g u s− =  let 1

2 2:s g g u−=  . Then 2s obviously satisfies ( )1Q . 

Furthermore, since ( )1 2,u u satisfies ( )Pn . One can see that 2s satisfies ( )2Q . We thus have

2 ns Q∈ . This concludes that 3g is surjective since 

( ) ( ) ( ) ( )1 1
3 2 1 2 1 2 1 2, , ,g s s s g g u g g u u u− − = = =            we show that 3g is injective. Let 

'
2 2, ns s Q∈ and suppose that ( ) ( )'

3 2 3 2g s g s= . Hence there exist ( ), 1, 2nh s∈ such that 

( ) ( )' 1 1
1 2 1 2, , (5.33)s s h s h h s h− −=    

 

By definition one has ( ) ( )1 1 and 2 2h h= = then it follows from ( ) 2 2h =  that 
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( ) ( ) ( ) ( )1 2 1
1 1 13 2 2 2 3 (5.34)s h s h h s h− −= = = =  

 

Similarly, this yields that 

( ) ( ) ( ) ( )1 2 1
1 1 14 3 3 3 4 (5.35)s h s h h s h− −= = = =    

One can show inductively that ( )x h x=  for x any x Q= ∈  this means that 
'
2 2,h id and thus s s= =  this shows that 3g is injective. 

a. CONSTRUCTING QUANDLES OF CYCLIC TYPE FROM Qn 

In the previous subsections. We have constructed the following bijections 

3 2 1: , : , : (5.36)n n n n n ng Q P g P R g R C→ → →
 

In this subsection, we describe ( )1 2 3 2g g g s  for each 2 ns Q∈ . Take any 2 ns Q∈ . Recall that 

( )1 : 2,3...s n=  and  

( ) { } { }
1 2

1
1 2 2 1 2, : , (5.37)s sw s s s s s−= ∪

 

Then one has ( ) ( )1 22 3 ,s sg g s w =   . We put  

( ) ( ) #
2 1 2: , (5.38)w

ns s s s Cψ = ∈
 

This means ( ) ( )1 2 3 2 2g g g s sψ=     . Note that ( )( ) ( )1 22 ,s si
s wψ ∈ is defined as the unique 

element fixing i Q∈ . This immediately yields 

( )( ) ( )( )2 1 2 21 2
, (5.39)s s s sψ ϕ= =  

Let { }3,...i n∈ . Then one has ( )1
1 2i s−=  and hence 

1 1
2 1 2 1 2 1 3 (5.40)s s s s s s s− −= =

 

This concludes that  

( )( ) 1
2 2 1 2 (5.41)

i
s s s sψ −=

 

This concludes the proof of theorem 4.1. 
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VI. CONCLUSION 
 

Theorem 4.1 presents abstract construction of Latin quandles of prime order which gave rise to 
Latin quandles of cyclic type. These constructions help to established the concept of 
isomorphism in definition 2.3 between any given Latin quandles of the same order . The Latin 
quandle order structure is also presented on table 1 using cyclic permutation of order n-1  as 
shown in Qn  which is the inner automorphism. Note that ( )xs x Q∈  is an automorphism of (Q,s) 

the subgroup of Aut (Q,s) generated by { }xs x Q∈  is called the inner  automorphism group of 

(Q,s) and denoted by Inn(Q,s).  

The results are summarized in table 1, which gives a classification of Latin quandles of cyclic 
type with prime cardinality up to 13. All Latin quandles presented were thoroughly verified 
using Maple software. 

 However, the classification of Latin quandle of cyclic type of  order p > 13 up to isomorphism is 
still very open for future research especially for its fruitful application on cryptography.  
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