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ABSTRACT: 

The binary quadratic Diophantine equation represented  by the  negative pellian  is analyzed for its 

non-zero distinct  solutions. A few interesting relations among the solutions  are given. Further, employing the solutions 
of the above hyperbola, we have obtained solutions of other choices of hyperbolas, parabolas and Pythagorean triangle. 
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Introduction  

The binary quadratic  equations of the form 122  Dxy   where D is non-square negative integer has been selected by various 

mathematicians for its non-trivial integer solutions when D takes different integral values[1-4].For an extensive review of various 

problems, one may refer[5-10]. In this communication, yet another interesting equation given by 18102 22  xy is considered 

and infinitely many integer solutions are obtained. A few interesting properties among the solutions are presented. 

 
 Method of Analysis 

The negative Pell equation representing hyperbola under consideration is,  

               18102 22  xy             (1) 

The smallest positive integer solutions of (1) are,     

                                         
30 x , 300 y

   

 Consider the pellian equation   

                                         1102 22  xy                                                                  (2) 

The initial solution of (2) 

                                        
10~

0 x , 101~
0 y  

The general solution  nn yx ,  of (2) is given by,      

                                       
nn gx

1022

1~  , 
nn fy

2

1~ 

 

 

where,  

                                      
11 )10210101()10210101(   nn

nf  

                                          
11 )10210101()10210101(   nn

ng  

Applying Brahmagupta lemma between  00 , yx  and  nn yx ~,~  the other integer  solution of (1) are given by, 

                                        
nnn gfx

1022

30

2

3
1 

  

              
nnn gfy

1022

306

2

30
1   

The recurrence relation satisfied by the solution and   are given by, 

                          
0202 123   nnn xxx   

                           
0202 123   nnn yyy  
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Some numerical examples of  and  satisfying (1) are given in the Table 1 below, 

        Table 1: Examples 

    N 
     nx  

    ny  

    0      3     30 

    1      603     6090 

    2     121803     1230150 

    3     12423906     248484210 

  

From the above table, we observe some interesting relations among the solutions which are presented below. 

   values are even. 

 Each of the following expression is a nasty number: 

  2222 3030618
9

6
  nn yx  

  3222 306090180
90

6
  nn xx  

  31 60246030072720
36360

6
  nn xx  

  3222 601230123636
1818

6
  nn yx  

  4222 3012423906367218
183609

6
  nn yx  

  2232 60903061818
909

6
  nn yx  

  13 1230150306367218
183609

6
  nn yx  

  2232 6150630618360
9180

6
  nn yy  

  2242 124239063063708720
1854360

6
  nn yy  

  4232 60901230150180
90

6
  nn xx  

  3232 60906150618
9

6
  nn yx  

  y
n

nx
42

32 6090124239061818
909

6


   

  3242 1230150615061818
909

6
  nn yx  

  3242 124239066150618360
9180

6
  nn xy  
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 Each of the following expression is a cubical integer. 

  113333 9091830306
9

1
  nnnn yxyx  

  214333 9018270306090
90

1
  nnnn xxxx  

  315333 1807380900602460300
36360

1
  nnnn xxxx  

  214333 18036903660123012
1818

1
  nnnn yxyx  

  215333 90372717183012423906
183609

1
  nnnn yxyx  

  123343 182709186090306
909

1
  nnnn yxyx  

  133353 36904509181230150306
183609

1
  nnnn yxyx  

  123343 18451891861506306
9180

1
  nnnn yyyy  

  133353 3727171891812423906306
1854360

1
  nnnn yyyy  

  325343 18270369045060901230150
90

1
  nnnn xxxx  

  224343 18270184518609061506
9

1
  nnnn yxyx  

  325343 18270372711718609012423906
909

1
  nnnn yxyx  

  2343\53 3690450184518123015061506
909

1
  nnnn yxyx  

  2343\53 372717181845181242390661506
9180

1
  nnnn yyyy  

 

 Each of the following expression is a biquadratic integer. 

  54120122430306
9

1
22224444   nnnn yxyx  

  54012024360306090
90

1
32225444   nnnn xxxx  

  2181602409841200602460300
36360

1
42226444   nnnn xxxx  

  1090824049204860123012
1818

1
32225444   nnnn yxyx  

  1101654120496956243012423906
183609

1
316444   nnnn yxyx  

  54542436012246090306
909

1
22324454   nnnn yxyx  

  1101654492060012241230150306
183609

1
22424464   nnnn yxyx  
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  55080246024122461506306
9180

1
22324454   nnnn yyyy  

  1112616049695624122412423906306
1854360

1
1324464   nnnn yyyy  

  54024360492060060901230150
90

1
42326454   nnnn xxyx  

  5424360246024609061506
9

1
32326454   nnnn yxxx  

  54542436049695624609012423906
909

1
326454   nnnn yxyx  

  54544920600246024123015061506
909

1
32425464   nnnn yxyx  

  55080496956242460241242390661506
9180

1
32425464   nnnn yyyy  

 
 Each of the following expression is a quintic integer: 

  1133335555 30030601501530 30306
9

1
  nnnnnn yxyxyx  

  2143336555 3006090015030450306090
9

1
  nnnnnn xxxxxx  

  3153337555 6002460300030012303500602460300
36360

1
  nnnnnn xxxxxx  

  2143336555 600123012030061506060123012
1818

1
  nnnnnn yxyxyx  

  2153337555 300124239060150621195303012423906
183609

1
  nnnnnn yxyxyx  

  1233435565 6090030603045015306090306
909

1
  nnnnnn yxyxyx  

  1333535575 110713503060738090015301230150306
183609

1
  nnnnnn yxyxyx  

  1233435565 6150603060307530153061506306
9180

1
  nnnnnn yyyyyy  

  1333535575 124239060306062119530153012423906306
1854360

1
  nnnnnn yyyyyy  

  3253437565 609001230150030450615075060901230150
90

1
  nnnnnn xxxxxx  

  2243436565 6090061506030450307530609061506
9

1
  nnnnnn yxyxyx  

  
3

60900124239060304506211953060901243906
909

1
253437565 
  n

yxyxyx nnnnn
 

  2343536575 123015006150606150750307530123015061506
909

1
  nnnnnn yxyxyx  

 3343536575 124239060615060621195303075301242390661506
9180

1
  nnnnnn yyyyyy
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 Relations among the solutions are given below: 

 112 10101   nnn yxx  

 113 202020401   nnn yxx  

 112 1011020   nnn yxy  

 113 20401206040   nnn xy  

 123 202   nnn xxx  

 122 10110   nnn xxy  

 123 1012040110   nnn xxy  

 13220   nnn xxy  

 133 204012020   nnn xxy  

 213 204011020101   nnn yxy  

 123 1020401101   nnn yxx  

 122 1020101   nnn yxy  

 123 2040   nnn yxy  

 132 101102020401   nnn yxy  

 133 20604020401   nnn yxy  

 123 202   nnn yyy  

 232 10110   nnn xxy  

 233 10110   nnn xxy  

 223 1011020   nnn yxy  

 233 1020101   nnn yxy  

 

Remarkable Observations 

I. Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of 

hyperbolas which are presented in table 2 below 

                                                 Table 2: Hyperbola 

S.NO Hyperbola                              (X,Y) 

1 129641314 22  XY   1111 30306,10   nnnn yxxy  

2 3240051 22  XY   2112 306090,6033   nnnn xxxx  

3 52881984004084 22  XY   3113 301230150,1218033   nnnn xxxx  

4 132204964084 22  XY   2112 3061506,60903   nnnn yxy  

5 1122 10348490595.1102  XY   3113 3012423906,12301503   nnnn yxxy  
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6 3305124102 22  XY   1221 6090306,30603   nnnn yxxy  

7 1122 10348490595.1102  XY   1331 1230150306,30121803   nnnn yxxy  

8 337089600102 22  XY   1221 61506306,306090   nnnn yyyy  

9 1322 10375460404.1102  XY   1331 12423906306,301230150   nnnn yyyy  

10 32400102 22  XY   3223 60901230150,121803603   nnnn xxxx  

11 324102 22  XY   2222 609061506,6090603   nnnn yxxy  

12 3305124102 22  XY   3223 609012423906,1230150603   nnnn yxxy  

13 3305124102 22  XY   2332 123015061506,6090121803   nnnn yxxy  

14 337089600102 22  XY   2332 1242390661506,60901230150   nnnn yyyy  

15 894010023 22  XY   3223 2484119186,24852518   nnnn yyyy  

 

 

II. Employing linear combination among the solutions of (1), one may generate integer solutions for other choices of parabolas 

which are presented in table 3 below 

Table 3: Parabola 

S.N

O 

 Parabola                (X,Y)         
 

1 1444594 2  XY   1830306,10 222211   nnnn yxxy  

2 324005190 2  XY   180306090,6033 322212   nnnn xxxx  

3 528819840040836360 2  XY   72720602460300,1218033 422213   nnnn xxxx  

4 132204964081818 2  XY   363660123012,60903 322212   nnnn yxxy  

5 734436102 2  XY   3672183012423906,12301503 422213   nnnn yxxy  

6 3305124102909 2  XY   18186090306,30603 223221   nnnn yxxy  

7 734436102 2  XY   3672181230150306,1230150306 1313   nnnn yxyx  

8 3370896001029180 2  XY   1836061506306,306090 223221   nnnn yyyy  

9 132 10375460404.11021854360  XY
 

 370872012423906306,301230150 224231   nnnn yyyy  
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10 3240010290 2  XY   18060901230150,121803603 423223   nnnn xxxx  

11 3241029 2  XY   18609061506,6090603 323222   nnnn yxxy  

12 3305124102909 2  XY   1818609012423906,1230150603 423223   nnnn yxxy  

13 3305124102909 2  XY   1818123015061506,6090121803 324232   nnnn yxxy  

14 3370896001029180 2  XY   183601242390661506,60901230150 324232   nnnn yyyy

 

15 8940100231495 2  XY   29902484119186,24852518 423223   nnnn yyyy  

        SPECIAL CASES: 

        21,3

2

,3

2

,3

62

1,3

10 18918   xyyxxy tttPtP  

        2
1,3

2

,3

2

1,3

102

,3

6 181029   yxyxxy tttPtP  

          222,3

2

,3

2

,3

24

1

2

22,3

10 186102   xyyxxy tttPtP  

        2
22,3

2

,3

2

22,3

102

,3

8

1 1810236   yxyxxy tttPtP  

         2
1,3

2

22,3

2

1,3

8

1

2

22,3

6 18361029   yxyxxy tttPtP  

            2
22,3

2

1,3

2

22,3

232

1,3

24

1 1831026   yxyxxy tttPtP  

Conclusion 

 In this paper, we have presented infinitely many integer solutions for the  negative Pell Equation 18102 22  xy
.  As 

the binary quadratic Diophantine equations  are rich in variety, one may search for the other choices of  Pell Equations and 

determine their integer solutions along with suitable properties. 
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