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ABSTRACT: 

The binary quadratic Diophantine equation represented by the positive pellian  is analyzed for its non-zero distinct  

solutions. A few interesting relations among the solutions are given. Further, employing the solutions of the above hyperbola, the solutions 
of other choices of hyperbolas, parabolas and Pythagorean triangle are obtained. 
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Introduction  

The binary quadratic  equations of the form 122  Dxy   where D is non-square negative integer has been selected by various 

mathematicians for its non-trivial integer solutions when D takes different integral values[1-4].For an extensive review of various problems, 

one may refer[5-10]. In this communication, yet another interesting equation given by 1834 22  xy
 
is considered and infinitely many 

integer solutions are obtained. A few interesting properties among the solutions are presented. 

 
Method of Analysis 

The positive Pell equation representing hyperbola under consideration is,  

                                                                                            1834 22  xy                                      (1) 

The smallest positive integer solutions of (1) are,     

30 x , 180 y
 

 Consider the pellian equation    

                                                                                                 134 22  xy                                                                                                   (2) 

The initial solution of (2)  is 

6~
0 x , 35~

0 y , 

The general solution  nn yx ~,~  of (2) is given by,      

nn gx
342

1~  , 
nn fy

2

1~   

 

where,  

11 )34635()34635(   nn

nf  

11 )34635()34635(   nn

ng  

Applying Brahmagupta lemma between  00 , yx  and  nn yx ~,~  the other integer solution of (1) are given by, 

                              nnn gfx 18343342 1   , 

nnn gfy 5134934 1   

 

The recurrence relation satisfied by the solution and   are given by,
 

070 123   nnn xxx  

070 123   nnn yyy  
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Some numerical examples of  and  satisfying (1) are given in the Table 1 below, 

Table 1: Examples 

n  
nx  ny  

0 3 18 

1 213 1242 

2 14907 86922 

3 1043277 6083298 

 

From the above table, we observe some interesting relations among the solutions which are presented below. 

 values are odd . 

 values are even. 

 

 Each of the following expression is a nasty number: 

 

  364146
3

1
2232   nn xx  

  84096582
70

1
2242   nn xx  

  3620436
3

1
2222   nn xy  

  420482812
35

1
2232   nn xy  

  2938833789212
2449

1
2242   nn xy  

  2419316276
2

1
3242   nn xx  

  42068828
35

1
3222   nn xy  

  36144842484
3

1
3232   nn xy  

  420337892828
35

1
3242   nn xy  

  293886857948
2449

1
4222   nn xy  

  420482857948
35

1
4232   nn xy  

  361013676173844
3

1
4242   nn xy  

  722142
6

1
3222   nn yy  
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  504029938
420

1
4222   nn yy  

  12242414108946
102

1
4232   nn yy  

 

 

 Each of the following expressions is a cubical integer: 

 

  433312 692073
3

1
  nnnn xxxx  

  533313 4829144873
210

1
  nnnn xxxx  

  333311 63410218
3

1
  nnnn yxxy  

  433312 62414724218
105

1
  nnnn yxxy  

  533313 616894650683818
7347

1
  nnnn yxxy  

  534323 69482914487207
3

1
  nnnn xxxx  

  334321 414341021242
105

1
  nnnn yxxy  

  434322 414241472421242
3

1
  nnnn yxxy  

  534323 4141689465068381242
105

1
  nnnn yxxy  

  335331 289743410286922
7347

1
  nnnn yxxy  

  435332 289742414724286922
105

1
  nnnn yxxy  

  535333 2897416894650683886922
3

1
  nnnn yxxy  

  433321 713213
18

1
  nnnn yyyy  

  533331 4969314907
1260

1
  nnnn yyyy  

  534332 1207844733621253419
306

1
  nnnn yyyy  

 

 Each of the following expressions is a biquadratic integer: 

 

  18427669
3

1
32224454   nnnn xxxx  
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  12604193164829
210

1
42224464   nnnn xxxx  

  1824136346
3

1
22224444   nnnn yxxy  

  63024965624146
105

1
32224454   nnnn yxxx  

  44082246757841689466
7347

1
42224464   nnnn yxxy  

  36552386329658138
6

1
42325464   nnnn xxxx  

  630165613634414
105

1
22325444   nnnn yxxy  

  18165696562414414
3

1
32325454   nnnn yxxy  

  6301656675784168946414
105

1
42325464   nnnn yxxy  

  440821158961363428974
7347

1
22426444   nnnn yxxy  

  6301158969656241428974
105

1
32426454   nnnn yxxy  

  1811589667578416894628974
3

1
42426464   nnnn yxxy  

  108428471
18

1
32225444   nnnn yyyy  

  75604198764969
1260

1
42226444   nnnn yyyy  

  18364828337892120784473
306

1
42326454   nnnn yyyy  

 

 

 Each of the following expression is a quintic integer: 

 

  4333215565 53451069069
3

1
  nnnnnn xxxxxx  

  5333315575 52414510482904829
210

1
  nnnnnn xxxxxx  

  3333115555 3017060340346
3

1
  nnnnnn yxyxyy  

  4333215565 3012070602414024146
105

1
  nnnnnn yxyxxy  

  5333315575 308447306016894601689466
7347

1
  nnnnnn yxyxxy  

  5343326575 690482901380965809658138
6

1
  nnnnnn xxxxxx  
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  3343126555 2070170414034034414
105

1
  nnnnnn yxyxxy  

  4343226565 2070120704140241402414414
3

1
  nnnnnn yxyxxy  

  5343326575 207084473041401689460168946414
105

1
  nnnnnn yxyxxy  

  3353137555 1448701702897403403428974
7347

1
  nnnnnn yxyxxy  

  4353237555 1448701207028974024140241428974
105

1
  nnnnnn yxyxxy  

  5353337575 144870844730289740168946016894628974
3

1
  nnnnnn yxyxxy  

  4333216555 53551071071
18

1
  nnnnnn yyyyyy  

  5333317555 52484510496904969
1260

1
  nnnnnn yyyyyy  

  5343327565 603542236512070844730120784473
306

1
  nnnnnn yyyyyy  

 Relations among the solutions are given below: 

 070 213   nnn xxx  

 0356 211   nnn xxy  

 0356 212   nnn xxy  

 02449356 213   nnn xxy  

 02449420 311   nnn xxy  

 012 312   nnn xxy  

 02449420 313   nnn xxy  

 035204 112   nnn yxy  

 0244914280 113   nnn yxy  

 0244920435 213   nnn yxy  

 03524496 321   nnn xxy  

 0356 322   nnn xxy  

 0356 323   nnn xxy  

 06244935 133   nnn yxx  

 020435 122   nnn yxy  

 0408 123   nnn yxy  

 035204 221   nnn yxy  

 035204 223   nnn yxy  

 0352042449 132   nnn yxy  

 01428024449 133   nnn yxy  

 020435 233   nnn yxy  
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 017139511995201204 213   nnn yyx  

 070 213   nnn yyy  

 04897408 311   nnn yyx  

 0171438396640799960 312   nnn yyx  

 

Remarkable Observations 

I. Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of 

hyperbolas which are presented in table 2 below 

Table 2: Hyperbola 

S.NO Hyperbola (X,Y) 

1 6481718 22  yx   2121 71,69   nnnn xxxx  

2 31752001718 22  yx   3131 4969,4829   nnnn xxxx  

3 1621532 22  yx   1111 6,951   nnnn yxyx  

4 1984501532 22  yx   2121 414,93621   nnnn yxyx  

5 9716113621532 22  yx   3131 28974,9253419   nnnn yxyx  

6 1166434 22  yx   3232 21314907,124286922   nnnn xxxx  

7 198450172 22  yx   1212 21318,62151   nnnn yxyx  

8 162172 22  yx   2222 2131242,6213621   nnnn yxyx  

9 198450172 22  yx   3232 21386922,621253419   nnnn yxyx  

10 971611362172 22  yx   1313 1490718,4346151   nnnn yxyx  

11 198450172 22  yx   2323 149071242,434613621   nnnn yxyx  

12 162172 22  yx   3333 1490786922,43461253419   nnnn yxyx  

13 374544306289 22  yx   2121 69,71   nnnn yyyy  

14 089928014401499414161 22  yx

 

 3131 4829,4969   nnnn yyyy  

15 337089634 22  yx   3232 62143461,3621253419   nnnn yyyy  
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II. Employing linear combination among the solutions of (1), one may generate integer solutions for other choices of parabolas 

which are presented in table 3 below 

Table 3: Parabola  

S.NO Parabola (X,Y)
 

1 3241754 2  yx  )71,69( 212232   nnnn xxxx  

2 1587600173780 2  yx   312242 4969,4829   nnnn xxxx  

3 1817 2  yx   112222 6,519   nnnn yxxy  

4 110251735 2  yx   212232 414,36219   nnnn yxxy  

5 53978409172449 2  yx   312242 28974,2534199   nnnn yxxy  

6 29161727 2  yx   323242 21314907,869221242   nnnn xxxx  

7 9922517315 2  yx   123222 21318,51621   nnnn yxxy  

8 81179 2  yx   223232 2131242,3621621   nnnn yxxy  

9 9922517315 2  yx   323242 21386922,253419621   nnnn yxxy  

10 4858056811722041 2  yx   134222 1490718,5143461   nnnn yxxy  

11 9922517315 2  yx   234232 149071242,362143461   nnnn yxxy  

12 81179 2  yx   334242 1490786922,25341943461   nnnn yxxy  

13 1040417289 2  yx   213222 69,71   nnnn yyyy  

14 509796001720230 2  yx   314222 4829,4969   nnnn yyyy  

15 84272417459 2  yx   324232 62143461,3621253419   nnnn yyyy  

 

  Consider ., 111   nnn xqyxp  Note that .0 qp    

Treat  qp ,  as the generators of the Pythagorean triangle  ),,( ZYXT   

where  .,,2 2222 qpZqpYpqX    
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Then the following results are obtained: 

a)  .0181617  ZYX   

b) 
 

.
2

11  nn yx
P

A
 

c) 
 

)(3 YZ   is a nasty number. 

d)  

 

)
4

(3
P

A
X 

 

is a nasty number. 

e)  
 

Y
P

A
X 

4

 
is written as the sum of two squares. 

Conclusion 

 In this paper, we have presented infinitely many integer solutions for the  positive Pell Equation . As the 

binary quadratic Diophantine equations  are rich in variety, one may search for the other choices of  Pell Equations and determine 

their integer solutions along with suitable properties. 
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