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ABSTRACT 

The quantum angular momentum operator is one of several operators analogous to classical 
angular momentum. The angular momentum operator plays a key role in the theory of atomic 
physics and other quantum problems that involve rotational symmetry. These operators are well 
known in Cartesian and spherical coordinate as widely used in quantum mechanics. More so, 
the quantum commutation relation which tell if we can measure two quantum observables at 
the same time are equally expressed in Cartesian and spherical coordinate. However, a more 
controversial point is whether we can perfectly describe elementary particles properties using 
the proposed spherical coordinate. Consequently in this paper, we derived the various 
components of the orbital angular momentum operators in quantum mechanics as well as the 
commutation relations in the oblate spheroidal coordinate to expand the scope of mechanics. 

Keywords: Orbital angular momentum, commutation relation, prolate spheroidal coordinate, 
spherical polar coordinate, Cartesian coordinate. 

 

1.0 INTRODUCTION 

In Cartesian coordinate (𝑥𝑥,𝑦𝑦, 𝑧𝑧), the orbital angular momentum operators are well known 
and are given by [1,2,3] 

𝐿𝐿�𝑥𝑥  =  −iħ �𝑦𝑦 𝜕𝜕
𝜕𝜕𝑧𝑧

 −  𝑧𝑧 𝜕𝜕
𝜕𝜕𝑦𝑦
�             (1.1) 

 

𝐿𝐿�𝑦𝑦  =  −iħ �𝑧𝑧 𝜕𝜕
𝜕𝜕𝑥𝑥

 −  𝑥𝑥 𝜕𝜕
𝜕𝜕𝑧𝑧
�             (1.2)  
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𝐿𝐿�𝑧𝑧  =  −iħ �𝑥𝑥 𝜕𝜕
𝜕𝜕𝑦𝑦

 −  𝑦𝑦 𝜕𝜕
𝜕𝜕𝑥𝑥
�                (1.3) 

Similarly, the commutation relation between the components of the orbital angular 
momentum operators are [1,4,5] 

 
�𝐿𝐿�𝑥𝑥 , 𝐿𝐿�𝑧𝑧� =  −iħ𝐿𝐿�𝑦𝑦                    (1.4) 

 

�𝐿𝐿�𝑦𝑦 , 𝐿𝐿�𝑥𝑥� = −𝑖𝑖ħ𝐿𝐿�𝑧𝑧               (1.5) 

 

�𝐿𝐿�𝑧𝑧 ,𝐿𝐿�𝑦𝑦�  =  −iħ𝐿𝐿�𝑥𝑥               (1.6) 

 

Also,  
 

�𝐿𝐿�2, 𝐿𝐿�𝑧𝑧� =  �𝐿𝐿� , 𝐿𝐿�𝑦𝑦� =  [𝐿𝐿�²,𝐿𝐿�𝑥𝑥]  =  0            (1.7) 

 

where, 
 
𝐿𝐿�² =  𝐿𝐿�²𝑥𝑥 + 𝐿𝐿�2

𝑦𝑦 +   𝐿𝐿�2
𝑧𝑧              (1.8) 

 

In spherical polar coordinate (𝑟𝑟, ɵ,ɸ), the orbital angular momentum operators are given 
by[2,3,4] 

 

𝐿𝐿�𝑥𝑥  =  iħ �𝑠𝑠𝑖𝑖𝑠𝑠ɸ 𝜕𝜕
𝜕𝜕𝜕𝜕

+  𝑐𝑐𝑐𝑐𝑐𝑐ɵ𝑐𝑐𝑐𝑐𝑠𝑠ɸ 𝜕𝜕
𝜕𝜕
�            (1.9) 

 

𝐿𝐿�𝑦𝑦  =  iħ �−𝑐𝑐𝑐𝑐𝑠𝑠ɸ 𝜕𝜕
𝜕𝜕𝜕𝜕

+  𝑐𝑐𝑐𝑐𝑐𝑐ɵ𝑠𝑠𝑖𝑖𝑠𝑠ɸ 𝜕𝜕
𝜕𝜕
�            (2.0) 

 

𝐿𝐿�𝑧𝑧  =  −iħ 𝜕𝜕
𝜕𝜕ɸ

              (2.1) 

Since  
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𝐿𝐿�² =  𝐿𝐿�²𝑥𝑥 + 𝐿𝐿�2
𝑦𝑦 +   𝐿𝐿�2

𝑧𝑧   

 

Then in spherical polar coordinate, [3,5]    
 

𝐿𝐿�² =  −ħ² � 1
𝑠𝑠𝑖𝑖𝑠𝑠ɵ

𝜕𝜕
𝜕𝜕ɵ

 �sinɵ 𝜕𝜕
𝜕𝜕ɵ
�  +  1

𝑠𝑠𝑖𝑖𝑠𝑠 ²ɵ
𝜕𝜕²
𝜕𝜕ɸ²
�        (2.10) 

 

Equation (1.1) – (2.10) are the orbital angular momentum operators in Cartesian and 
spherical coordinate as known in quantum mechanics. These equations constitute the 
basis of the study of structure of elementary particles such as the atom, molecules, 
nucleus, as well as other quantum problems that involve rotational symmetry. These 
equations also constitute the basis of the study of particle’s eigenvalue which corresponds 
to the experimental measured value of the observable, and the eigenfunction (spherical 
harmonics) for a particle which configuration space is a sphere (rigid rotor)[1,5]. However, 
it is now well known that elementary particles such as the atom, molecule, as well as the 
nucleus, experiences shape deformation as result of repulsive forces between proton and 
quantum shell effect[7]. The most commonly agreed shape is the flattened oblate or the 
elongated prolate spheroidal depending on the detailed movement of the nucleons. 
Therefore, treating the elementary particles as perfect sphere is at best an approximation 
[7]. for mathematical conveniences. There is need to express the quantum angular 
momentum operators in the spheroidal coordinate system so as to record geometrically 
approved information about elementary particles. Consequently in this paper, we develop 
the various components of the quantum orbital angular momentum operators as well as 
the quantum commutation relations in the prolate spheroidal coordinate system (𝜂𝜂, 𝜉𝜉,ɸ). 
 
2:0  MATHEMATICAL FORMULATIONS 
The Cartesian coordinate (𝑥𝑥,𝑦𝑦, 𝑧𝑧) is related to the prolate spheroidal coordinate (𝜂𝜂, 𝜉𝜉,ɸ) 
as [9,10]  
X =  a(1 −  η²)½(ξ² −  1)½cosɸ        (2.11) 

 

Y =  a(1 −  η²)½(ξ² −  1)½sinɸ        (2.12) 

 

𝑍𝑍 =  𝑎𝑎𝜂𝜂𝜉𝜉           (2.13) 

 

Where ‘a’ is the scale factor and  
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−1 ≤  𝜂𝜂 ≤ 1 ;  0 ≤  ɸ ≤ 2𝜋𝜋 ;  0 ≤  𝜉𝜉 < ∞       (2.14) 

 

Similarly, the spherical polar coordinate (𝑟𝑟, ɵ,ɸ) is related to the prolate spheroidal 
coordinate (𝜂𝜂, 𝜉𝜉,ɸ) as 
 

r =  a(η² +  ξ² −  1)½         (2.15) 

 

ɵ =  cos−1 � 𝜂𝜂𝜉𝜉
(η²+ ξ² − 1)½�         (2.16) 

 

ɸ =  ɸ           (2.17) 

 

Therefore,  
 
𝜕𝜕𝑟𝑟
𝜕𝜕𝑥𝑥

 =  𝑥𝑥
𝑟𝑟
           (2.18) 

 
𝜕𝜕𝜂𝜂
𝜕𝜕𝑟𝑟

  =  (η²+ ξ² − 1)½

𝑎𝑎𝜂𝜂
          (2.19) 

 

𝜕𝜕𝜉𝜉
𝜕𝜕ɵ

 = −(1 − η²)½(η ²+ ξ² − 1)

𝜂𝜂(𝜂𝜂² − 1)½          (2.20) 

 
𝜕𝜕ɵ
𝜕𝜕𝑥𝑥

 =  𝑥𝑥𝜂𝜂𝜉𝜉
𝑎𝑎²(1 − η²)½(ξ² − 1)½(η ²+ ξ² − 1)        (2.21) 

 
𝜕𝜕ɸ
𝜕𝜕𝑥𝑥

  = −𝑦𝑦
a²(1 − η²)(ξ² − 1)

          (2.22) 

 
𝜕𝜕𝑟𝑟
𝜕𝜕𝑦𝑦

 =  𝑦𝑦
𝑟𝑟
           (2.23) 

 
𝜕𝜕ɵ
𝜕𝜕𝑦𝑦

 = 𝑦𝑦𝜂𝜂𝜉𝜉
𝑎𝑎²(1 − η²)½(ξ² − 1)½(η ²+ ξ² − 1)        (2.24) 

 
𝜕𝜕ɸ
𝜕𝜕𝑦𝑦

 = 𝑥𝑥
a²(1 − η²)(ξ² − 1)

          (2.25) 
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𝜕𝜕𝑟𝑟
𝜕𝜕𝑧𝑧

 =  𝑧𝑧
𝑟𝑟
            (2.26) 

 
𝜕𝜕ɸ
𝜕𝜕𝑧𝑧

 =   0           (2.27) 

 
𝜕𝜕ɵ
𝜕𝜕𝑧𝑧

 =  −(1 − η²)½(ξ² − 1)½

𝑎𝑎(η²+ ξ² − 1)
         (2.28) 

 

It therefore follows from (2.18 – 2.28) that; 

 

 𝜕𝜕
𝜕𝜕𝑥𝑥

 = 𝑥𝑥
𝑎𝑎²𝜂𝜂

𝜕𝜕
𝜕𝜕𝜂𝜂
− 𝑥𝑥𝜉𝜉 (ξ² − 1)½

𝑎𝑎²(𝜂𝜂² − 1)½(1 − η ²)½(ξ² − 1)½
𝜕𝜕
𝜕𝜕𝜉𝜉
−  𝑦𝑦

a²(1 − η²)(ξ² − 1)
𝜕𝜕
𝜕𝜕ɸ

     (2.29) 

 

 𝜕𝜕
𝜕𝜕𝑦𝑦

 = 𝑦𝑦
𝑎𝑎²𝜂𝜂

 𝜕𝜕
𝜕𝜕𝜂𝜂

 − 𝑦𝑦𝜉𝜉 (ξ² − 1)½

𝑎𝑎²(𝜂𝜂² − 1)½(1 − η ²)½(ξ² − 1)½
𝜕𝜕
𝜕𝜕𝜉𝜉

 + 𝑥𝑥
a²(1 − η²)(ξ² − 1)

𝜕𝜕
𝜕𝜕ɸ

    (2.30) 

 
𝜕𝜕
𝜕𝜕𝑧𝑧

 =  𝑧𝑧
𝑎𝑎²𝜂𝜂

𝜕𝜕
𝜕𝜕𝜂𝜂

+  (1 − η²)½(1 − ξ²)½(ξ² − 1)½

𝑎𝑎𝜂𝜂 (𝜂𝜂² − 1)½
𝜕𝜕
𝜕𝜕𝜉𝜉

       (2.31) 

 

Putting equation (2.29 – 2.31) into (1.1 – 1.30), we obtained; 
 

𝐿𝐿�𝑥𝑥 (𝜂𝜂 ,𝜉𝜉 ,ɸ)  =  −iħ �(1 − ξ²)½(η²+ ξ² − 1)
𝜂𝜂(𝜂𝜂² − 1)½ sinɸ 𝜕𝜕

𝜕𝜕𝜉𝜉
 −  𝜂𝜂𝜉𝜉𝑐𝑐𝑐𝑐𝑠𝑠 ɸ

(1 − η²)½(ξ² − 1)½
𝜕𝜕
𝜕𝜕ɸ
�    (2.32) 

 

𝐿𝐿�𝑦𝑦 (𝜂𝜂 ,𝜉𝜉 ,ɸ)
 =  −iħ �(1 − ξ²)½(η²+ ξ² − 1)

𝜂𝜂(𝜂𝜂² − 1)½ cosɸ 𝜕𝜕
𝜕𝜕𝜉𝜉

 −  𝜂𝜂𝜉𝜉𝑠𝑠𝑖𝑖𝑠𝑠 ɸ
(1 − η²)½(ξ² − 1)½

𝜕𝜕
𝜕𝜕ɸ
�    (2.33) 

 

𝐿𝐿�𝑧𝑧 (𝜂𝜂 ,𝜉𝜉 ,ɸ)  =   −iħ 𝜕𝜕
𝜕𝜕ɸ

          (2.34) 

 

It therefore follows that the total angular momentum operator given by; 
 
𝐿𝐿�² =  𝐿𝐿�²𝑥𝑥 + 𝐿𝐿�2

𝑦𝑦 +   𝐿𝐿�2
𝑧𝑧   

 

GSJ: Volume 8, Issue 8, August 2020 
ISSN 2320-9186 159

GSJ© 2020 
www.globalscientificjournal.com



Is obtained in the prolate spheroidal coordinate as; 

 

𝐿𝐿�² =  −ħ² ��1 − η2�(η²+ ξ² − 1)²
𝜂𝜂²(𝜂𝜂² − 1)

𝜕𝜕²
𝜕𝜕𝜉𝜉²

 +  (η²+ ξ² − 1)
η²(1 − η²)

𝜕𝜕²
𝜕𝜕ɸ²
�      (2.35) 

 

Equation (2.32 – 2.34) represent the components of the orbital angular momentum 
operator in prolate spheroidal coordinate. 
To compute the commutation relations, we use equation (1.4 – 1.6) and the following 
properties were formulated 
 

[𝐿𝐿�𝑥𝑥 (𝜂𝜂 ,𝜉𝜉 ,ɸ), 𝐿𝐿�𝑦𝑦 (𝜂𝜂 ,𝜉𝜉 ,ɸ)
] =  −iħ � η²ξ²

(1 − η2)(ξ² − 1)
�  𝐿𝐿�𝑧𝑧 (𝜂𝜂 ,𝜉𝜉 ,ɸ)      (2.36) 

 
[𝐿𝐿�𝑦𝑦 (𝜂𝜂 ,𝜉𝜉 ,ɸ)

, 𝐿𝐿�𝑧𝑧 (𝜂𝜂 ,𝜉𝜉 ,ɸ)]  =  iħ𝐿𝐿�𝑥𝑥 (𝜂𝜂 ,𝜉𝜉 ,ɸ)        (2.37) 

 

[𝐿𝐿�𝑧𝑧 (𝜂𝜂 ,𝜉𝜉 ,ɸ), 𝐿𝐿�𝑥𝑥 (𝜂𝜂 ,𝜉𝜉 ,ɸ)] = 𝑖𝑖ħ𝐿𝐿�𝑦𝑦 (𝜂𝜂 ,𝜉𝜉 ,ɸ)
         (2.37) 

 

�𝐿𝐿�², 𝐿𝐿�𝑥𝑥 (𝜂𝜂 ,𝜉𝜉 ,ɸ)� = �𝐿𝐿�², 𝐿𝐿�𝑦𝑦 (𝜂𝜂 ,𝜉𝜉 ,ɸ)
� =  �𝐿𝐿�²,𝐿𝐿�𝑧𝑧 (𝜂𝜂 ,𝜉𝜉 ,ɸ)� = 0      (2.38) 

 

Equation 2..36 – 2.38 are some of the quantum commutation relations in the prolate 
spheroidal coordinate system which relates the uncertainty relation between the various 
components of the orbital angular momentum operators as well as the total angular 
momentum.  
 
3:0 SUMMARY AND CONCLUSION 
In this paper, we derived the various components of the orbital angular momentum 
operators as well as the total angular momentum operator, 𝐿𝐿�² in prolate spheroidal 
coordinate. Their commutation relations were equally obtained. 
The orbital angular momentum operators derived in this paper are purely in prolate 
spheroidal coordinate. These results are available for applications in mathematics and 
physics. For example, the atomic nuclei of actinide elements are prolate spheroidal in 
geometry. Hence, the door is opened for the solution of the total angular momentum 
operator, 𝐿𝐿�² to obtain the corresponding eigenvalue as well as the eigenfunction 
(spheroidal harmonics) for orbiting particles in quantum mechanics which configuration 
space is a prolate spheroidal. 
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