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Abstract

A fractional normal distribution is constructed. With the help of this new
distribution a fractional Brownian motion is defined. A generalization of the Ito
stochastic integration is given and some stochastic properties are studied.
Formula Ito and the product rule are generalized.
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1. Introduction
Let (0, F, P) be a probability space , R be the set of all real numbers. If a
random variable X:Q - R has a density :

[o') _ _ 2
flx) = fo \/ﬁ (,(0) exp(— %)d@ , we say that X has a fractional
Gaussian (or fractional normal) distribution with mean m and variance r(;+1) ,

where {,(0) is the stable probability density function, 0 < a < 1,T(.) is the
gamma function, see [ 1-5].

a
In this case let us write X is N, (m, ﬁ) random variable.
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A real-valued stochastic process is called « —fractional Brownian if

(i) Wa(o) =0,

(i) W (6) = We(s) is Ne(Orfys ),

(iii) for all times 0 < t; < ---t,, the random variables W, (t;) , W, (t,) —
w,(ty), ..., W, (t,) — W,(t,,—,) are independent.

Notice that E(W,(t) = 0 E(W2(t)) = r(;in .

of X.

where E(X) is the expectation

It is easy to prove that:

Sa

_— <
M'(a+1) ’ t.

E(Wo(©)W,(s)) =

In section 2, we shall study some stochastic Riemann sums. In section 3, we
shall study stochastic integrals related to the considered fractional Brownian
motion. In section 4, we generalize the product rule and the formula of Ito.

2- Stochastic Riemann.sums
Let [a, b] be an interval in [0, ) and suppose that o = {a =t, < t; < :-- < t,, is an arbitrary

partition of [a, b] with mesh |@|=Maxpcxem-1ltiii — trl-
Consider the following sum:
o [ We(trer) — We(te)]? for any partition .

Let us take the limit |@]| = 0asm — o in L?(Q), ( L>(Q) is the set of all random variables X such
that E(X?) exis).

According to the properties of W, (t), we get:

ba_aa

I'(a+1)

E((Qm — N? = TR0 E((V¢ — DAt — 60/ (@ + 1),

Wa (tk+1)—Wa(tk)

/ (tl?+1_ tff)/l"(a)

Where Q= XR56 [ Waterr) — Wo(t)]? Yy =
Notice that Y} is an N,(0,1)
Thus for some positive constant C we have

aa_ ba

E((Qm —( ) )2 <Clpl(b—a)—->0asm — oo.
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Consider now the following stochastic Riemann sum:
Ry = Z;cn;ol W (6i) (Wo (tg1) — Wo(ty) ,a=0,b=T.
Itis clear that

wem _ 1
2

wgm T
2 2T (a+1)

Ry, = W, (tesr) — We(t)]? — as the mesh tends to zero and

m — oo,
We can write:

wgr T

T
fo W dW, = 2 2T (a+1)

We can write
dW,2(t) = 2W,dWa (comp.[6-11]).

t(l—l

I'(a)

It can be proved also that

d(tW,) = tdW, + W,dt.

3- Stochastic @ —fractional integrals
Let £2(0,T) be the space of all real-valued, progressively measurable stochastic processes G(.) such

that E(fOT G?dt) < o.
Denote by S the set of all bounded step processes £2(0,T) .
LetG € S. Then following Ito, we define fOT GdW, , by
Jy GdW, = ST Ge(Wa (tiern) — Wa(t))
Where G(t) = Gy forty < tx41,k=0,..,m—1.
The random variables Gy, ..., G, are independent of W, (t;4,) — W, (tx) ,k =0, ..,m — 1.

It is easy to see that for all real constants a, b and for all G,H € S,
T T T
fO (aG + bH)dW,, = afo Gaw, + bfo HdW,,
T
E(f0 Gdw,) = 0.
T 2
Let us try to find E[{f, GdW,} ].

According to the properties of W, , G we can prove that

EI(fy GdWe) ] = S0 EGE Wi(tiens) — Wa(t))?) = s [y E(G2)dLS
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Also, we can see that

T T 1 T —
E(fy GdW, Jy HAW,) = [, t*7'GHddt .

Using the fact that S is dense in £L2(0,T), we can see that all the previous relations are valid for all
G,He L?(0,T).

4-The fractional product rule
Theorem. (fractional product rule). suppose

Xm - Fldt + GldWa ’ dXz == szdt + szWa ) 0 S t S T,

Where G,,G, € L%(0,T) ,F,,F, € £L1(0,T), (L*(0,T) is the space of all real-valued, progressively
measurable stochastic processes F such that E[fOT |F|dt] < o).

Then

a—1
d(X].XZ) = XZXm + deXz + ?(_Q)G]'szt

Proof. We can write X;(t) = X;(0) + fot F;(r)dr + fot Gi(r)dW,(r),i=12, 0<t<T.

I- Let us first consider the case X;(0) = X,(0) = 0, F;(t) = F;, G;(t) = G;, where F;, G; are time
independent. Then

Xi(t) =Fit+GW,(t),0<t<T,i=12.
Thus

Ta_l

t
J;) [Xz(r)Xm(r) + X, (r)dX,(r) + mGle] dr

= FletZ + (G].FZ

a

¢ t
+ GzFl)fO d(rw, () + zalczfo Wo (r)dWe (r) + G1G, Ta+1)

Using the results in section 2, we get

t a-1
fo [Xz (M)dX,(r) + X1 (r)dX,(r) + ;(—Q)Gle] dr = X;(£)Xz(t)

This is the fractional product formula for the special case that X;(0) = X,(0) = 0 and F;, G; time

independent random variables. The case that X;(0) # 0,X,(0) # 0 and F;, G; are

time independent random variables has a similar proof.

II- If F;, G; are step processes, we apply step | on each subinterval (£, t;4+1) on which F; and G; are

constant random variables, and add the resulting integral expressions.

llI- In the general situation, we select step processes Fi"eﬁl(O, T), Gl-"eLZ(O, T) such that

2
E[fOTIFi” —Fj|dt > 0, asn - oo, E[fOT{GL-" —G;} dt] - 0,asn —> o,

Define
t t
X(8) = X,(0) + f Fldr + f GrdW, i = 1,2.
0

0
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We apply step Il to X;*(.) on [0,T] and pass to limits to obtain the required formula.
This completes the proof of the theorem.

Theorem (Fractional Ito formula). suppose that X(.) has a fractional stochastic
differential

dX = Fdt + GdW,, , F € £L1(0,T), G e L?(0,T).

2
Assume u: (—00,0)x[0.T] - (—o0, o) is a continuous such that 21: 3“ z Z exist and are
continuous.
Set
Y(t) = u(X(0),t)
Then'Y has the fractional stochastic differential
ou ou 1t 19%u
dY = —dt+—dX + = ——G dt

dat 0x 2T (a) 0x2

Proof. I- We start with the special case (x™), m = 0,1,2, ... and first of all claim that

1 t(l—l
AX™ = mX™ X + 5 m(m — DX s G

This is true for m = 0, 1 and the case m = 2 follows from the fractional product rule.

Now assume the stated formula for m — 1.

a-1

t
dXm 1 =(m~-1Xx"" 2dX+ (m—l)(m 2)Xm= 3F( ) G2dt

And we prove it for m. Using the fractional product rule, we get

ta—l
dX™ = d(XX™1) = XdX™1 + X" NdX + (m — DY™A @ G2dt

1 ta—l
=X | = DX™2dX + 5.(m = D(m = DX s G2de | + XX +
tlx—l
(m —1)xm2 G2%dt
e

. ym—1 1 _ m—2t*"" 2

=mX™ " *dX + 2m(m DX @ G-dt.

Since fractional Ito formula thus holds for the function u(x) = x™ ,m = 1,2, ... it follows that
fractional Ito formula is valid for all polynomials u in the variable x.

- Suppose now u(x,t) = f(x)g(t), where f and g are polynomials. Then

d(u(x, 1) = d(f(X)g®))
= f(X)dg(t) + g(t)df(X)
= f(X)g' ®dt + gOf (X)dX + = f”(X) r Ot
ou ou 10%u t“ 1

— 2
= Srdt+ 3y X+ 35T Ot

Thus fractional Ito formula is valid for all polynomial function u of the variables x, t.
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- Given u as in fractional Ito formula, there exists a sequence of polynomials {u,,} such that u,, —
y Qim0 Bun 0w Py O

' ot ot’ odx ox’ 0x2 ax2’ !
Uniformly on compact subsets of (—o0, ©)x[0, T]. With the help of step Il, we ncan write

t du, OJu, 10%ut* 1

X - X = — 2

un(X(®), 8) = un (X(0), 0) J;[ar + dox +28x2 F(oc)G Jar
+ fot —661;" GdW, almost surely.

We may pass to limits as n — oo in this expression, thereby proving fractional Ito formula in general.

Conclusion

A fractional normal distribution is defined. With the help of this distribution a fractional Brownian
motion is studied. The theory of stochastic integrals is generalized. A new fractional product rule and
fractional Ito formula are given.
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