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Abstract

In this paper, we present the Adomian decomposition method (ADM) for solving systems
of nonlinear equations. MATHEMATICA program is introduced with an input program
for finding Adomian polynomials for nonlinear equations. ADM was compared with
Broyden’s and Newton’s methods and its results showed better and faster convergence to
exact solutions .

Keyword: Adomian Decomposition Method,Adomian’s Polynomial, System of Nonlin-

ear Equations, MATHEMATICA program.

1 Introduction

The Adomian Decomposition Method ( ADM) separates the equation under investigation
into linear and nonlinear portions. The nonlinear portion is decomposed into a series of
Adomian polynomials. ADM produces a solution in form of a series whose terms are
determined by Adomian polynomials. The method decomposes the linear term x into an

infinite sum of components x, defined by

x= ixn (1)
n=0

Among a number of already proposed methods of solving nonlinear equations, the Ado-
mian Decomposition Method as gained astonishing popularity. Recently the method is ap-
plied to handling singular and non-singular initial, boundary value problems in ordinary,
partial differential equations and fractional differential equations. ADM is also applied to

obtain the solution for considered model under atmospheric internal wave phenomenon
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referred to as gravity wave [1, 2, 3, 4, 5].

Researchers from earlier studies have investigated the ADM for solving nonlinear and
system of nonlinear equations. For instance, Babolian, Biazar and Vahidi[6] applied the
Adomian decomposition method to solve a system of nonlinear equations. Jafari and Var-
sha [7] suggested and used a modification of Adomian decomposition method to solve a
system of nonlinear equations which showed a series of solution with accelerated conver-
gence.

This papaer suggests the application of MATHEMATICA program to generate the Ado-
mian polynomials which is an important procedure if we are to apply the ADM to solve

system of nonlinear equations

2 Adomian Decomposition Method for a system of Non-

linear Equations

Consider the system of nonlinear equations;

I
o

fl (X],XQ, o 'xn>

f2(~xla~x27 o '-xn) =0

fu(x1,x2,+--x,) =0
For this reason,we have the equations
ﬁ(XI,Xz,"'Xn):O,i:1,2,"',I’l (2)
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where f; maps the vector X = (x1,xp,--x,)" of the n-dimentional space R”" into the real

line R

Application of the decomposition method

First we start by writting (2) in canonical form where the linear portion is written in terms
of the constant and the nonlinear terms in each equation fori =1,2,--- ,n

x;i = ¢i+ Ni(x; +x2 + - - -x,) where N;(x; +x, + - --x,) is nonlinear portion and ¢; is con-
stant.

The linear term x is then expressed into an infinite sum of components x,, defined by

Xi= Y Xim (3)
m=0
and the nonlinear portion is given by
Ni(xi+%+-x) = Y Aim “)
m=0
where A;,,’s are Adomian polynomials depending on X1, , X1, * sXn0, * * * Xnm, hence

Yo—0Xim = Ci+ Y. _oAin and from this series equation we have

Xi0 = C; (5)

Xim+1 = Aim (6)

form=0,1,---andi=1,2,---,n

To determine the Adomian polynomials we use [6, 8] whose formula is given by

1. d”
Aim(-x107 s Xmy 5 Xn0s 'xnm) - I’l_![dz,_mNi(xi’ o axl’l)]AZO (7)
4
GSJ© 2023

www.globalscientificjournal.com



GSJ: Volume 11, Issue 6, June 2023
ISSN 2320-9186 445

We approximate the solution of x; by using the series [6]

k—1
Y=Y Xin @®)
m=0

2.1 Application of MATHEMATICA program to generate Adomian
polynomials

Following the work of Wazwaz ([9]), Choi and Shin ([10]). The computer algebra soft-

ware MATHEMATICA has been applied to find Adomian Polynomials [11, 12, 13, 14].

2.1.1 MATHEMATICA code for the one-variable Adomian polynomials based on

Duan’s Corollary 3 algorithm ([11])

AP[f_,M_| :=Modulelc,n,k, j,der,Table|c[n,k],n,1,M k,1,n];

der = Table[D|[f|Subscript|[u,0]], Subscript[u,0],k|, k,1,M];

A[0] = f[Subscript[u,0]];

Forln=1,n <= M,n+ +,c[n, 1] = Subscript|u,n];

Forlk =2,k <=n,k++,

cln k| = Expand|[1 /nxSum[(j+ 1) *Subscriptlu, j+ 1] xcn—1— j,k—1],7,0,n—kl|];
A[n| = Take[der,n|.Table|c[n,k|,k, 1,n]];

Table[A[n],n,0,M]]
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Application of MATHEMATICA code for a nonlinear term u*
MATHEMATICA input for u*

AP[f_,M_| :=Modulelc,n,k, j,der,Table|c[n,k],n,1,M k,1,n];

der = Table|D|[f[Subscript|u,0)],Subscript|u,0],k|,k,1,M];

A[0] = f[Subscript|u,0]];

Forln=1,n <= M,n++,c[n, 1] = Subscript|u,n];

Forlk =2,k <=n,k++,

cln k| = Expand|1 /n* Sum[(j+ 1) *Subscriptu, j+ 1| xcn—1— j,k—1],7,0,n —k||];
Aln| = Take[der,n|.Table|c[n,k],k, 1,n]];

Table[A[n],n,0,M]|AP (u*,9)

MATHEMATICA output for »*

Ao =u*(ug) )
A = w1 () (o) (10)
Ao =1 (i) (o) + 514t ()" (o) (an
As = u3 ()’ (o) +uaiay ()" (o) + é@ (1) (uo) (12)
A = ug (i) (o) + (“75 +u1u3) ()" (o) + %u‘f ()™ (o) + %W% (1) (uo)

(13)
s = s (1) (a0 + s ) (1) o)+ ( s+ S ) @) o) .

it (1) o) + 15 (1) ]

6
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N 3 " L 60,40 [N )
Ag = ue (u*) (up) + 5+ iaua s (u*)" (uo) + T304 S (u*) (uo) + Sgtaut (u (u*)" (o)

3
1
+ (% + uyuzuy + Eu%u4> (u4) G) (up)

1 1 4
+ (6”3”? + Z“%“%) (”4)( ! (u0)
15)

ul (u? O u 1 6
A7 = u7 (u4)/ (uo) + (uztg + upus + uyue) (u4)// (up) + — ( 5())40( 0) + 120”2”? (”4)( ) (uo)

1 1 3
—M%Ml “+ upuquy + EM%MB) (I/t4>( ) (MO)

usu
5% 2

2

1 1 1 4 1 1 5
+ (8u4uf+§u2u3u%+gu%ul) (u4)( )(u0)+ (24u3u1 4 u%u?) (u4)( )(uo)

2

8 (,4)(8)
Ag =ug (“4)/ (uo) + <% +usus + uaue +u1u7) (u4)” (uo) + i (@)~ (w) | L

6 ¢ 4\(7)
40320~ 720"2"1 (") (o)

1 1 1 3
F- <§ueu% + uzltquy + upusuy + Euzlt% + 5”%”4) (“4)( ) (u0)
4
1 1 1 1
+ (;4 + 2M1M3M2 + 2”%“4“2 + 4“1”3 + 6”1”5) (u 4)(4) (uo)

1 1 LA S AWAPNC) 1 L5 4\ (46
+(24u4u1+6u2u3u1+ 12u2u1> (u*)" (uo) + 120u3u1+48u2u1 (u*)" (o)

(17)
O (A ) u e (®) "
o=ty (0) )+ s+ s e +va) (1) ) + 1L L) e () e

3 1 1 1 NG|
+ €+u2u4u3—l—u1u5u3+2u1u4+2u2u5+u1u2u6+2u1u7 (u*)" (uo)

—uzu%ul + =

2
—Uousuy +
)

2
UzUqUy +
)

1 4
—udugu + 6u%u3 (u 4)( )(uo)

)
)

gt ) () (o)
)

(L
_u J—
61eHI T 2

1
2 2
—UsU3UT + —

1 1 1 3
—|—(24u5u1+12u3u1+6u2u4u1+4

24

1 1 1 (6) 1 1
+(120 it + gt + 3¢ M%M%) () (u°>+<720 usil] + e
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The above demostration of the application of MATHEMATICA code gives us an advan-
tage of find the adomian polynomials for any given nonlinear term much quicker than
resolving the derivatives of Adomian polynomials manually, hence helping us to generate

solutions to any given nonlinear or system of nonlinear equations.

application of ADM

Consider the following system of nonlinear equations
x%— 10x; —|—x%+8 =0
xlx% +x1—10x,+8=0

Rewriting each nonlinear equation in canonical form we have

x; = 0.840.1x3 4+ 0.1x3

Xy = 0.8+ 0. Lxjx3 + 0.1xy

Applying the Adomian Decomposition Method we have the linear term of each equation
decomposed into infinity series (3) and the nonlinear terms decomposed into adomian

polynomial series (4).

x1=Y x1m=08+0.1Y A, (x))+0.1 Y Azu(x3)
m=0 m=0 m=0

=Y xu=08+0.1Y Ap(x131)+0.1'Y App(xy)
m=0 =

m=0 m=0

Using Mathematica we have the following Adomian polynomials:

MATHEMATICA code input for Adomian polynomials for x>

AP[f_,M_| := Modulelc,n,k, j,der,Table|c[n,k],n,1,M k,1,n];
der = Table|D|[f[Subscript|x,0]], Subscript|x,0], k], k,1,M];
8
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A[0] = f[Subscript|x,0]];

For[n=1,n <= M,n+ +,c[n, 1] = Subscript|x,n];

Forlk =2,k <=n,k++,

cln k| = Expand|1 /nxSum|(j+ 1) * Subscript|x,j+ 1] xc[n—1— j,k—1],j,0,n —k|]];
A[n| = Take[der,n|.Table|cn,k|,k, 1,n]];

Table[A[n],n,0,M]]AP (x*,10)

Adomian Polynomials for Alm(x%)

Ao =,

A1 = 2x10x11

A = 2x10x12 + X3

A1z = 2x10X13 + 2x11%12

A = 2x10%14 +2x11X13F X7,

Ats = 2x10X15 + 2x11X14 + 2X12X13

At = 2X10X16 + 2X11X15 -+ 2X12X14 + X7
A7 = 2xox17 + 2x11X16 + 2X12X15 + 2X13X14

A = 2x10X18 + 2x11%17 + 2X12X16 + 2X13%15 + X7,

Adomian Polynomials for Ay, (x3)

Az =13,
A1 = 2x0x21
Ay = 2x20x20 + X3,
Anz = 2xp0x23 + 2x21X22
9
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Ay = 2x20%04 + 2X21%23 + X3,

Ans = 2x20X25 + 2x21X24 + 2X20X23

Age = 2x20X26 + 22125 + 2X20X04 + X35
A7 = 2x0x27 + 2x21%26 + 2Xx22X25 + 2x23%04

Aag = 2x20X28 + 2X21X27 + 2X22%26 + 2X23X25 + X3,

Adomian Polynomials for the nonlinear term xlx%

2
_ 2

Ay = 2x10X20X21 + X11X3

2
A = x10X5) + 2x10%20X22 + 2X11X20%21

2
A3z = 2x10X20X23 + 2X10X21X22 + X11X21 + 2X11X20X%22 + 2X12X20X21 + X13X5)
2 2
Ay = (2x20%24 + 2221003 4 X35 ) X10+ (22023 + 21122 ) x11 + (33, 4 2x20%02 ) X12 + 2202113+
X3, +x
20 14

Using the recurrence relations (5) and (6) we have the table 1 with decomposed compo-

nents of x;,,

10
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Table 1: x;,, components

X1m X2m

x10 = 0.80000 | x29 = 0.80000
x11 =0.12800 | xp1 = 0.13120
x12 = 0.014147 | x20 = 0.03779
x13 =0.01604 | x23 = 0.01564
x14 = 0.00712 | x4 = 0.00729

x15 =0.00344 | x5 =0.00366

From equation (8) we have the following Approximate solution for the first five de-
composed terms
Yis =x10+ - +x14=0.9961

Va5 = xp0 + - -+ x4 = 0.9956

2.2 Example 2

Consider the following system of nonlinear equations:

15x; —|—x% +4x3 =13

x110x, + e =11

x5 —25x3 = —22

writing each equation in canonical form we have

x1 = 0.86667 — 0.06667x3 +0.26667x3

x=1.1-0.1x7 +0.1e™®

x3 =0.88+ 0.04x%

expressing each equation using Adomian decomposition series we have

11
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x1 = 0.86667 — 0.06667 Yo7 _ Ao (x3) +0.26667 Yoo A3(x3)
x=11-0.1Y"_A1m(x}) +0.157_ As,(e™™)

x3=0.8840.04Y%_0 Ay (x2)

The Adomian polynomials for Alm(x%)

Ao = X,

Aqr = 2x10x11

A = X7, + 2x10%12

A1z = 2x10X13 + 2x11x12

Ag = 2x10X14 + 2X11X13 + X7,

The Adomian polynomials for A;,, (x%)

Ago = x5

Azl = 2xp0x21

Ay = X%l + 2x20X22

Az = 2x0x23 + 2x21x22

Ang = 2x20X04 + 2X21X23 + 33,

The Adomian polynomials for Aj,,(x3)

Azp = x30
Az = x31
A =0
12
GSJO 2023
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Az =0

The Adomian polynomials for A, (e ™)

Az =30

Az = —e 2%

A3z = 1.5¢73%0

A3y = 267e 430

P Ag(e3) = (—1)mHe Lommo form = 1,2,

Therefore, the decomposed components of x are given as follows:

X10 = 0.86667
x20 = 1.10000
x30 = 0.88000

X1 = —0.06667(x%0) +0.2666679(x30) = —0.06667(1.1)% +0.26667(0.88) = 0.1539989
x21 = —0.1(x19)2 4+0.1(e7™0) = —0.1(0.86667) +0.1(e"#) = —0.0336334

x31 = 0.04(x20)% = 0.04(1.1)% = 0.05324.

By following the same procedure and using the Adomian polynomials defined above we

have the following values of the components of x given in table 2

Approximating the first six terms we have
Yis = x10+ - +x15 = 1.04223716

Yos5 =x20+ - +x25 = 1.01568782

13
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Table 2: x components

X1i X2i X3i

x10 = 0.86667 x20 = 1.10000 x30 = 0.880000

x11 = 0.15400 x21 = —0.003363 x31 = 0.05324000
x12 =0.01913 x22 = —0.04389 x32 = 0.00488349
x13 = 0.00506 x23 =0.00501670 | x33 =0.006328724

x14 = —0.00262 | x4 = —0.01179828 | x34 = 0.00111667

x15 = —0.00000284 | xp5 = —0.0302776 | x35 = —0.022424424

Y35 = x30+ - - - +x35 = 0.92314446

which is a good approximation of the exact solution x = (1.04214966, 1.03109169,0.92384809)".

3 Numerical Comparison

3.1 Numerical Comparison of ADM with Broyden’s Method

Consider a system of nonlinear equations solved using Broyden’s Method by (Douglas
and Burden) ([15]) on solutions of systems of nonlinear equations

3x1 — cos(xpx3) — % =0

x? —81(x2+0.1)% +sin(x3) + 1.06 =0

e 4 20x3 + 10Z2=3 = 0

with the exact solution X* = (xk|,xk2,x%3)" = (0.5,0,—%)". We solve the same system

of nonlinear equations using ADM

14
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Application of ADM

Rewriting the equations in canonical form we have

X1 = g + 3 cos(xpx3)
025, 1 2 81 .2, 1 o

X2 =155+ 162X — 16352 + T2 SIn(x3)
_ —10m—3 _ L —X1X2

X3 = "%¢0 20¢

The Adomian polynomials for nonlinear term (x7)

Ay =x{g

A1 = 2x10x11

A = x3 +2x10x12

A1z = 2x10x13 + 2X11X12

Al = 2x10%14 +2x1 1%13 + X7,

The Adomian polynomials for nonlinear term (x%)

Az =13

Azl = 2x0x21

A = X3, + 2x20%22

Az = 2x0x23 + 2x21%22

Aog = 2x20X04 + 2X21X23 + X3,

15
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Adomian polynomials for nonlinear term sinxs

A30 = SiIlX30

A3l = x31 COSX30

A3y = x33Cc0SXx30 + %x%l sinxs3g

A33 = X33 COSX30) — X31X32 sin30 — %X%l COS X30

— 1.2 : 1.2 1.4 o
A34 = —X34COSX30 — (5)632 —|—X31X33) SINX30 — 57X31X32 COSX30 + z7X3 SINX30

Adomian polynomial for nonlinear term cos(x,x3)

A = cos(x2,0x30)

A1 = —(x3,0x2,1 + X2,0%3,1.) 511 (X2, 0x3 0)

Ay = (315 135, — 31315 0 +X2,0%3,0%0,1%3,1) O (X2,0%3,0) — (%2,13,1 +X2,0X3,0 X3 2%2,0)5in(x2,0X3.0)
Az = (L!x%,oxg,l Y %x%,oxg,l + %xl,lx%,lx%,ox&ﬂ i %X%J%JXZ,OX%,O + 50 X1,103 145 03,0 —

- P P 2
X3,1X2,2 = X2,1X32 — X2 3X3,0 — X3,3X2,0)8in(X2,0X3,0) — (X1,1X5 1 X3,0 +X3 1X3,1X3,0 +X1,1X3 1 X2,0

2
X3,1X3 2X5 () — X3,1X2,2X3 0X2,0 + X2,1X3,2X2,0X3,0) €08 (X203 0),
0

Adomian polynomial for nonlinear term ¢*1*2)

Ag = e F1.0%20

A= _(x2,0x171 +x2,1)€1,3)efx1>0x270

Ay = (zlzx%,lx%,o + zl!x%’lxio —X1,1%2,1 F X1,1X2,1X1 0X2,0 — X1 2X2,0 — X2,2X] )€ *1:0%20

Az = (_%X?ng,o - %xg,ﬂio +x%71xz,1X27o %xil)@’])ﬂ?oxz?ox%’o +x171x172x%70 +x2,2x%70x271 —

X2,1X1,2 + X2,1X1 2X1,0X2,0 — X1,1%2,2 + X1,1X2,2X1 0X2,0 — X1,3X2,0 — X2,3X1,0) )€ 1020

By applying the Adomian Decomposition Method and calculating the components of the

16

GSJ© 2023
www.globalscientificjournal.com



GSJ: Volume 11, Issue 6, June 2023
ISSN 2320-9186 457

series we have

2

(e}

I
N

S
24

W)

X20

x30 = —0.4735987756

x11 = cos(337(—0.5735987756)) = 0.3333333274
01 = 1a5(8)? — BL(35)% + 1855in(0.5735987756) = —9.403489696 x 107>

5

X3 = Shes X B = —0.04987156442

Proceeding in a similar manner the first seven terms produced the following approxi-
mations relative to the exact solutions;

X1 = Y17 =x10+x11 + -+ +x16 = 0.50002

X2 = Yh7 = X0+ X214+ +x26 = 0.000264

X3 = VY37 =x30+x31 +--+x36 = —0.52360

It can be observed from the solution obtained above that ADM converges faster to the

exact solution as compared to the Broyden’s Method whose results are given in ([16])

3.2 Numerical Comparison of ADM with Newton’s Method

In this subsection we compare the Adomian decomposition method and Newton’s method

for the following system of nonlinear equations whose exact solution is x* = (0, —5)’

dx1—xp =5
2x% —x2 =5.
17
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Introducing the decomposition series we have

x| = i X1m = 1.2540.25 i Xom

Xy = Z Xom = —5+2 Z x%m
m=0 m=0
Application of ADM

Rewriting the system into canonical form

x1 = 1.25+0.25x;

Xy = —5+2x%

Adomian polynomials for the nonlinear term N(x) = x} _

Ao =iy

A1 = 2x10x11

A = x3 +2x10x12

A1z = 2x10X13 + 2x11X12

Arg = 2x10X14 + 2x11%13 + X3,

Applying the recurrence relations (5) and (6), we have decomposed components of x;
and x; given in table 3.
Hence approximating the solutions using equation (8)

X1 =Y =x10+x11 =0

X2 = Yh 3 = X0 +X21 + X220 = —5 which converges to the exact solution

18
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Table 3: x;,, components

X1m X2m

X10 = 1.25 X20 = -5
X11 =-1.25 X21 =3.1250

X12 = 0.7813 X202 = —3.1250

x13 = —0.7813 | xp3 =7.0313

Results for Newton’s Method

The following results in table 4 where obtained by using Newton’s method

Table 4: iterations for Newton’s Method

k xgk) X,

0 —1 -3

1| =025 —5.999

2 | —0.0250 | —5.1000

31 —=0.0012 | —5.0012

4| —0.000 | —5.0000

51 0.0000 | —5.0000

4 Findings

Comparing the results obtained by Broyden’s and Newton’s methods in this paper, it is
clear that ADM converges faster. It is also important to take not that the solution of New-

ton’s method depends entirely on the choice of the initial guess.Adomian decomposition

19
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method can be applied directly to systems of nonlinear equations were it automatically
provides the initial solution once expressed in canonical form. Hence there is no need of

guessing the initial approximation to the exact solution.

5 Conclusion

In this work we applied MATHEMATICA program to find Adomian polynomials for any
given nonlinear term of a system of nonlinear equations. The method has been compared
with Broyden’s and Newton’s Methods of solving systems of nonlinear equations and it

showed faster convergence to exact solutions.
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