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Abstract : The aim of introduce and study the notion of a fuzzy δ-open set (Ω-open set, α − Ω-open set, feebly –open set, 
α-open set, ƥ-open set, Sp-open set, a-open set) and the relationships between them and fuzzy 𝛿𝛿-open set in fuzzy 
topological space on fuzzy set and some properties, remarks related to them . 
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1. Introduction : 

The recent concept is introduced by Zadeh in (1965) [18], In (1968) Chang [4] introduced the 
definition of fuzzy topological spaces and extended in a straight forward manner some concepts 
of crisp topological spaces to fuzzy topological spaces. In (1973) wrong given The definition of 
fuzzy point such away that an ordinary point was not special case of fuzzy point. 
 In (1974) While Wong [17] discussed and generalized some properties of fuzzy topological 
spaces. In (1980) Ming, p.p. and Ming, L.Y. [13] used fuzzy topology to define the 
neighborhood structure of fuzzy point. 
 In (1982) Hdeib [7] introduced the concept of fuzzy Ω-open set in topological space, In (1982) 
Maheshwari S.N. and Jain P.G. [9] defined the notion of fuzzy feebly open and fuzzy feebly 
closed set in fuzzy topological space and studied their properties . 
In (1986) Mashhour A.S. and others [12] introduced the notion of 𝛼𝛼-open sets in topological 
space. In (1987) Mashhour A.S. and others [11] and in (1991) A.S.Bin Shahana [1] in introduced 
the concept fuzzy ƥ-open set in general topology, In (1995) A.M.Zahran [2] introduced the 
notion of fuzzy 𝛿𝛿-open set in fuzzy topological spaces, In (1996) Dontchev and Przemski have 
introduced the concept of Sp-open set in general topology [5]. 
In (1998) Bai Shi – Zhong and Wang Wan – Liang [3] have introduced The notion of fuzzy topology 
on fuzzy set and they defined the quasi-coincident in fuzzy topological space on fuzzy set. In (2003) 
Mahmoud, fath-Alla and Abd.Ellah [10] defined fuzzy interior and fuzzy closure in fuzzy topological 
space on fuzzy set and investigate their properties , 
In (2016) otchana and others introduced the concept of α-Ω open set in topological space [14]. 
 
 
1.1 Definition [4]  : 
Let X be a nonempty set, a fuzzy set Ã in X is characterized by a function 
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  μÃ :  X → I  , where   I  =  [ 0 ,1 ] which is written as 

  Ã  =  {( x , μA�(x) ) :  x ∈ X  , 0  ≤  μA�(x)  ≤  1}, the collection of all fuzzy sets in X will be 
denoted by IX ,that is         

 IX  = { Ã : Ã is a fuzzy sets in X} where μÃ is called the membership function  

1.2 Proposition [18] : 
 Let Ã and B̃ be two fuzzy se ts in X with membership functions μÃ and μB̃   respectively, then for 
all x ∈ X: - 

1. Ã  ⊆   B̃    ↔    μA�(x)  ≤  μB̃(x). 
 

2. Ã   =   B̃     ↔    μA�(x)   =   μB̃(x). 
 

3. C̃ = Ã ∩ B̃   ↔   C(x)  =  min{ μA�(x) , μB̃(x) }. 
 

4. D̃ = Ã ∪ B̃   ↔   D(x)  =  max{ μA�(x), μB̃(x)}. 
5. B̃𝑐𝑐   the complement of   B̃ with membership function 

         μB̃c (x)  =  μA�(x) –  μB̃(x) . 
 
1.3 Definition [10]: 
A fuzzy point xr  is a fuzzy set such that :  
   μxr (y)  =    r  >  0      if   x  =  y ,   ∀  y ∈   X       and  
   μxr (y)  =    0     if    x   ≠  y  , ∀  y ∈   X      

The family of all fuzzy points of Ã will be denoted by FP(Ã) . 

1.4 Definition [4]: 
A collection T̃ of a fuzzy subsets of Ã , such that T̃ ⊆ P(Ã) is said to be fuzzy topology on Ã if it 
satisfied the following conditions 
1. Ã   ,  ϕ�   ∈  T͂ 
2.  If    B̃ , C̃ ∈  T͂, then    B̃ ∩ C̃   ∈ T͂ 
3.  If    B̃α ∈   T͂, then    ⋃ B̃αα    ∈ T͂ ,  α ∈ 𝛬𝛬  

(Ã , T͂) is said to be Fuzzy topological space and every member of T͂ is called fuzzy open set  in Ã  and 
its complement is a fuzzy closed set. 
 
1.5 Definition [8]: 
 A fuzzy set B̃ in a fuzzy topological space (Ã ,T͂) is said to be 
Fuzzy delta set if,   μInt (Cl�B��)(x) ≤  μB̃(x)  ≤ μCl(Int �B��)(x)  
Such that, 

• Fuzzy  𝜹𝜹-open set if  𝛍𝛍𝐈𝐈𝐈𝐈𝐈𝐈(𝐂𝐂𝐂𝐂�𝐁𝐁��)(𝐱𝐱) ≤  𝛍𝛍𝐁𝐁𝐁(𝐱𝐱)  . 
• Fuzzy 𝜹𝜹-closed set if  𝛍𝛍𝐁𝐁𝐁(𝐱𝐱) ≤  𝛍𝛍𝐂𝐂𝐂𝐂(𝐈𝐈𝐈𝐈𝐈𝐈�𝐁𝐁��)(𝐱𝐱) . 
• Fuzzy 𝜹𝜹-closed set if  A= δcl(A) , where  

𝛍𝛍𝜹𝜹𝐜𝐜𝐜𝐜�𝐁𝐁��(x) = 𝐦𝐦𝐦𝐦𝐦𝐦{ 𝛍𝛍𝐅𝐅𝐅(𝐱𝐱) : F̃ is a fuzzy 𝛅𝛅 – closed  set in Ã ,  
     𝛍𝛍𝐁𝐁𝐁(𝐱𝐱) ≤ 𝛍𝛍𝐅𝐅𝐅(𝐱𝐱)} . 
The complement of  fuzzy δ-closed set is fuzzy δ-open set  

 
1.6 Remark: 
1. The family of all fuzzy 𝛿𝛿-open sets in a fuzzy topological space (Ã  ,T͂)  will  be denoted by 

F𝛿𝛿O(Ã). 
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2. The family of all fuzzy 𝛿𝛿-closed sets in a fuzzy topological space (Ã  ,T͂)  will be denoted by 

F𝛿𝛿C(Ã). 
 
1.7 Proposition [13]: 
1) Any union of fuzzy 𝛿𝛿-open sets in a fuzzy topological space (Ã,T͂)  is a fuzzy 𝛿𝛿-open set in 

Ã. 
2) Any intersection of fuzzy 𝛿𝛿-closed sets in a fuzzy topological space (Ã,T͂)  is a fuzzy 𝛿𝛿-

closed set in Ã. 

Remark 1.8  : 
(1)  The intersection of two fuzzy 𝛿𝛿-open sets is not necessary fuzzy 𝛿𝛿-open set. 

 
(2)  The union of two fuzzy 𝛿𝛿-closed sets is not necessary fuzzy 

      𝛿𝛿-closed set. 
 As shown by the following example :- 
 
1.9 Example: 
  Let   X  =  { a , b } and   B̃  ,  C̃  , D̃  , 𝐸𝐸�   , 𝐹𝐹�  , 𝐾𝐾�  , 𝐿𝐿�   be fuzzy subsets of Ã  where:  
Ã  = {( a , 0.4 ) , ( b  , 0.6 )} , B̃  = {( a , 0.0 ) , ( b ,0.4 )} , 
C̃  = {( a , 0.4 ) , ( b , 0.0 )} , D̃  = {( a , 0.4 ) , ( b ,0.4 )} , 

𝐸𝐸�   = {( a , 0.0 ) , ( b  , 0.2 )} ,  𝐹𝐹�  = {( a , 0.4 ) , ( b ,0.2 )} , 

𝐾𝐾�  = {( a , 0.0 ) , ( b , 0.5 )} , 𝐿𝐿�= {( a , 0.4 ) , ( b ,0.1 )} , 
The fuzzy topology defined on Ã is 

 T̃   =  {  ∅�  , Ã  ,  B̃  ,  C̃  ,  D̃  ,  𝐸𝐸�  , 𝐹𝐹� , 𝐾𝐾� , 𝐿𝐿� }    

 𝐾𝐾�  ,  𝐿𝐿�  are fuzzy 𝛿𝛿-open sets but  𝐾𝐾� ∩ 𝐿𝐿� is not fuzzy 𝛿𝛿-open set also 𝐾𝐾�𝑐𝑐  ∪ 𝐿𝐿�𝑐𝑐  is not fuzzy 𝛿𝛿-
closed set. 

1.10 proposition [15]: 
Every fuzzy 𝛿𝛿-open set (fuzzy 𝛿𝛿-closed set) is fuzzy open set  
(fuzzy closed set). 
Proof  :  Obvious 

1.11 Remark: 
The converse of proposition(1.10) is not true in general as the following example shows:- 
 
1.12 Example: 

 Let   X  = { a , b , c } and  B̃  ,  C̃  ,  D̃  ,  Ẽ  ,  𝐹𝐹�  , 𝐺𝐺� , 𝐻𝐻�be fuzzy subsets  
of Ã  where: 

Ã =  {( a ,0.9 ) ,( b ,0.9 ) , ( c ,0.9 )} ,  

B̃  = {( a ,0.2 ) , ( b ,0.2 ) , ( c ,0.3)} , 

C̃  = {( a ,0.3 ) , ( b , 0.2) , ( c ,0.3)} ,  

D�  = {( a ,0.4 ) , ( b ,0.4 ) , ( c ,0.3 )} , 

Ẽ  = {( a ,0.5 ) , ( b ,0.5 ) , ( c ,0.6 )} , 
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𝐹𝐹�  = {( a ,0.3 ) , ( b ,0.3 ) , ( c ,0.3 )} , 

𝐺𝐺� = {( a ,0.5 ) , ( b ,0.7 ) , ( c ,0.6 )} , 

𝐻𝐻�  = {( a ,0.1 ) , ( b ,0.3 ) , ( c ,0.3 )} , 

The fuzzy set  𝐵𝐵�  in fuzzy topological space (Ã   , T͂)  is fuzzy  

open set [fuzzy closed set] but not fuzzy 𝛿𝛿-open set [fuzzy 𝛿𝛿-closed set ] . 
 

1.13 Definition [9]: 

 A fuzzy set B̃ in a fuzzy topological space (Ã ,T͂) is called fuzzy 𝛿𝛿-neighborhood (𝛿𝛿nbhd) of a 
fuzzy point  xr  in Ã if there is a fuzzy 𝛿𝛿-open set  G̃  in  Ã such that 
 μxr (x) ≤ μG͂  (x) ≤  μB̃(x),  ∀ x ∈  X. 
 
1.14 Proposition: 
Every fuzzy 𝛿𝛿-neighborhood B̃ of  xr  is fuzzy neighborhood. 
Proof : Obvious 
 
1.15 Definition [9]: 
 A fuzzy set B̃ in a fuzzy topological space (Ã ,T͂) is called fuzzy  
𝛿𝛿-quasi neighborhood of a fuzzy point xr  in Ã if there is a fuzzy 𝛿𝛿-open set G̃ in Ã such that xr  q 
G̃ and μG͂  (x) ≤  μB̃(x) , ∀ x ∈  X . 
 
1.16 Proposition: 
Let B̃ be a fuzzy set in a fuzzy topological space (Ã ,T͂), then the following statements are 
equivalent ; 
1) B̃   is   fuzzy 𝛿𝛿-open set in Ã . 

2) B̃ is a fuzzy 𝛿𝛿-neighborhood of  xr , for each fuzzy point xr  in B̃ 

3) For each fuzzy point xr  in B̃, there exist a fuzzy 𝛿𝛿-neighborhood C̃ of xr   such that μxr (x) ≤ 
μC�(x) and μC�(x) ≤ μB̃(x), ∀ x ∈  X 

Proof: Obvious 
 
1.17 Definition: 
A fuzzy set B̃ in (Ã ,T͂) is said to be fuzzy 𝛿𝛿-clopen set if and only if both fuzzy 𝛿𝛿-open set and 
fuzzy 𝛿𝛿-closed set. 
Definition 1.18 : 
Let B̃ be a fuzzy set in a fuzzy topological space (Ã ,T͂) then : 
• The 𝜹𝜹 – closure  of B̃ is denoted by (δcl(B̃)) and defined by 
μ𝜹𝜹cl�B��(x) = min{ μF̃(x) : F̃ is a fuzzy δ – closed  set in Ã ,  
 μB̃(x) ≤ μF̃(x)} . 
• The 𝜹𝜹 – interior  of B̃ is denoted by (δint(B̃)) and defined by 
μ𝜹𝜹int �B��(x) = max { μG͂  (x) : G͂ is a fuzzy δ – open  set in Ã  , μG͂  (x) ≤ μB̃(x)}. 
 
1.19 Theorem: 
Let B̃ and C̃ be fuzzy sets in a fuzzy topological space (𝐴̃𝐴 , 𝑇𝑇�), then ; 

1. μ𝛿𝛿𝛿𝛿𝛿𝛿 (∅�)(x) = 𝜇𝜇∅�(x)  and  μ𝛿𝛿𝛿𝛿𝛿𝛿 (𝐴𝐴�)(x) = 𝜇𝜇𝐴𝐴�(x) . 
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2. If μ𝐵𝐵� (x) ≤ μ𝐶𝐶(x)  then  μ𝛿𝛿𝛿𝛿𝛿𝛿 (B�)(x) ≤ μ𝛿𝛿𝛿𝛿𝛿𝛿 (𝐶𝐶)(x) . 
3. μ𝐵𝐵� (x) ≤ μ𝛿𝛿𝛿𝛿𝛿𝛿 (B�)(x) . 
4. μ𝛿𝛿𝛿𝛿𝛿𝛿 (𝛿𝛿𝛿𝛿𝛿𝛿 (B�))(x) = μ𝛿𝛿𝛿𝛿𝛿𝛿 (B�)(x) . 
5. μ𝛿𝛿𝛿𝛿𝛿𝛿 (𝑚𝑚𝑚𝑚𝑚𝑚  {μ𝐵𝐵�(x) ,   μ𝐶𝐶�(x)})(x) ≤ min { μ𝛿𝛿𝛿𝛿𝛿𝛿 (B�)(x) , μ𝛿𝛿𝛿𝛿𝛿𝛿 (𝐶𝐶)(x) }. 
6.  μ𝛿𝛿𝛿𝛿𝛿𝛿 (𝑚𝑚𝑎𝑎𝑎𝑎  {μ𝐵𝐵�(x) ,   μ𝐶𝐶�(x))(x) = max { μ𝛿𝛿𝛿𝛿𝛿𝛿 (B�)(x) , μ𝛿𝛿𝛿𝛿𝛿𝛿 (𝐶𝐶)(x) }. 

1.20 Theorem: 
Let B̃ and C̃ be fuzzy sets in a fuzzy topological space (𝐴̃𝐴 , 𝑇𝑇�), then ; 

1. μ𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿 (∅�)(x) = 𝜇𝜇∅�(x)  and  μ𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿 (𝐴𝐴�)(x) = 𝜇𝜇𝐴𝐴�(x) . 
2. If μ𝐵𝐵� (x) ≤ μ𝐶𝐶(x), then  μ𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿 (B�)(x) ≤ μ𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿 (𝐶𝐶)(x) . 
3. μ𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿 (B�)(x) ≤  μ𝐵𝐵� (x). 
4. μ𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿 (𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿 (B�))(x) = μ𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿 (B�)(x) . 
5. μ𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿 (𝑚𝑚𝑚𝑚𝑚𝑚  {μ𝐵𝐵�(x) ,   μ𝐶𝐶�(x))(x) = min { μ𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿 (B�)(x) , μ𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿 (𝐶𝐶)(x) }. 
6. max { μ𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿 (B�)(x) , μ𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿 (𝐶𝐶)(x) } ≤ μ𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿 (𝑚𝑚𝑚𝑚𝑚𝑚  {μ𝐵𝐵�(x) ,   μ𝐶𝐶�(x))(x) . 

Proof : Obvious 
 
1.21 Theorem [15]: 
If (Ã ,T͂) is a fuzzy  topological space and B̃  are fuzzy set in Ã and xr   is a fuzzy point in Ã, then 
μxr (x) ≤ μ𝛿𝛿int (B�)(x)  if and only if xr  has a fuzzy 𝛿𝛿-neighborhood contained in  B̃. 
Proof  : Obvious 
 
1.22 Definition [4]: 
A collection G = {𝐺𝐺�𝛼𝛼  : 𝛼𝛼 ∈  Λ } of fuzzy open sets in (Ã, T̃) is said to be fuzzy open cover of a 
fuzzy set 𝐵𝐵�  of  Ã if  μ𝐴𝐴�(x) ≤ sup { μ𝑈𝑈�𝛼𝛼 (x) : 𝛼𝛼 ∈  Λ }  
Definition 1.23 [16]:  

A collection  {𝐵𝐵�𝛼𝛼  : 𝛼𝛼 ∈  Λ } of a fuzzy sets in  (Ã, T̃) is said to be fuzzy locally finite if for every 
μxr (x) ≤  μ𝐴𝐴� (x), there exist a fuzzy neighborhood 𝑁𝑁� of xr  which is quasi coincident with at 
most a finite number of the members of {𝐵𝐵�𝛼𝛼  : 𝛼𝛼 ∈  Λ } . 
 
1.24 Definition [16]:  

Let B = {𝐵𝐵�𝛼𝛼  : 𝛼𝛼 ∈  Λ } , C = {𝐶̃𝐶𝛽𝛽  : 𝛽𝛽 ∈  Λ } ( 𝛽𝛽 < 𝛼𝛼 ) be any two collection of fuzzy sets in ( Ã , 
T̃ ) , then C is a refinement of  B if for each 𝛽𝛽 ∈  Λ there exist 𝛼𝛼 ∈  Λ such that μ𝐶𝐶𝛽𝛽 (x) ≤  μ𝐵𝐵�𝛼𝛼  (x)  

2.  Some Types of Fuzzy Open Sets: 

In this section we study the properties and relations of various typess of fuzzy open set in fuzzy 
topological spaces on fuzzy set which will be needed later on 
 
2.1 Definition: 
 A fuzzy set B̃ of a fuzzy topological space (Ã,T͂) is said to be :- 

1) Fuzzy Ω-open (Fuzzy Ω-closed ) set if   

     μCl (B�)(x) ≤ μCl�Int �B���(x) , (μintCl (B�)(x)  ≤ μcl(B�)(x)   ) , ∀ x ∈  X. 

    The family of all fuzzy Ω-open (fuzzy Ω-closed) sets 

    in Ã will be denoted by FΩO(Ã) ( FΩC(Ã)).  
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2) Fuzzy 𝜶𝜶 − Ω open (Fuzzy 𝜶𝜶 − Ω closed ) set if 

     μB̃(x)  ≤ μ𝐼𝐼𝐼𝐼𝐼𝐼Ω�Cl (𝐼𝐼𝐼𝐼𝐼𝐼Ω�B��)�(x) , (μ𝐶𝐶𝐶𝐶Ω�Int (𝐶𝐶𝐶𝐶Ω�B��)� ≤ μB�(x))   . 

     B̃ is called (Fuzzy 𝛼𝛼 − Ω closed ) set if its complement is Fuzzy 

     𝛼𝛼 − Ωopen sets  

the family of all Fuzzy 𝛼𝛼 − Ω open (Fuzzy 𝛼𝛼 − Ω closed) sets 

in Ã will be denoted by F𝛼𝛼 − ΩO(Ã) ( F𝛼𝛼 − ΩC(Ã)). 

3) Fuzzy  𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇 − 𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐 ( 𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇 − 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄 ) set if     

     μB̃(x) ≤ 𝜇𝜇𝑠𝑠(𝐶𝐶𝐶𝐶(𝐼𝐼𝐼𝐼𝐼𝐼(𝐵𝐵 ̃ )))(x), (𝜇𝜇𝑠𝑠(𝐼𝐼𝐼𝐼𝐼𝐼(𝐶𝐶𝐶𝐶(𝐵𝐵 ̃ )))(x) ≤ μB̃(x) ,   ∀ x ∈ X            
     The family of all fuzzy 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 – open (fuzzy 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 – closed) sets in Ã will be denoted by  

F𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓O(Ã) ( F𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓C(Ã)). 

4) Fuzzy 𝜶-open (fuzzy 𝜶-closed) set if   

     μB̃(x)  ≤ μ𝐼𝐼𝐼𝐼𝐼𝐼 �Cl(Int �B��)�(x) , (μCl�Int (Cl�B��)� ≤ μB�(x))   . 

     The family of all fuzzy 𝛼-open (fuzzy 𝛼-closed ) sets in Ã will be  denoted by F𝛼O(Ã) 
(F𝛼C(Ã)). 

 
5) Fuzzy ƥ-open (fuzzy ƥ-closed) set if  

      μB̃(x)  ≤ μ𝐼𝐼𝐼𝐼𝐼𝐼 �Cl�B���(x) ,  (μCl�Int �B��� ≤ μB�(x))   , ∀ x ∈ X 

The family of all fuzzy ƥ-open (fuzzy ƥ-closed ) sets in Ã will be denoted by FƥO(Ã) (FƥC(Ã)). 
6) Fuzzy Sp-open ( fuzzy Sp-closed) set if  , 

      μB̃(x)  ≤ max⁡{μ𝐼𝐼𝐼𝐼𝐼𝐼�Cl�B���(x),μ𝐶𝐶𝐶𝐶�Int �B���(𝑥𝑥)}   

           μB̃(x)  ≥ min⁡{μ𝐼𝐼𝐼𝐼𝐼𝐼�Cl�B���(x),μ𝐶𝐶𝐶𝐶�Int �B���(𝑥𝑥)} ,  ∀ x ∈ X 

The family of all fuzzy 𝑆𝑆𝑝𝑝-open (fuzzy 𝑆𝑆𝑆𝑆-closed ) sets in Ã will be  denoted by F𝑆𝑆𝑆𝑆O(Ã) 
(F𝑆𝑆𝑆𝑆C(Ã)). 
7) Fuzzy a-open (fuzzy a-closed) set if  , 

μB̃(x)  ≤ 𝜇𝜇𝐼𝐼𝐼𝐼𝐼𝐼 (𝐶𝐶𝐶𝐶(𝐼𝐼𝐼𝐼𝐼𝐼 𝑠𝑠(𝐵𝐵 ̃ ))) (x) ,  (μCl�Int (Cl𝑠𝑠�B��)� ≤ μB�(x)) 

The family of all fuzzy 𝑎𝑎-open (fuzzy 𝑎𝑎-closed ) sets in Ã will be  denoted by F𝑎𝑎O(Ã) (F𝑎𝑎C(Ã)). 

2.2  Definition: 
Let  B̃ is a fuzzy set in a fuzzy topological space (Ã ,T͂) then : 

• The Ω – closure  of B̃ is denoted by (Ωcl(B̃)) and defined by 
μΩcl�B��(x) = min{ μF̃(x) : F̃ is a fuzzy Ω – closed  set in Ã,  μB̃(x) ≤ μF̃(x)} 

• The 𝜶𝜶 − Ω– closure  of B̃ is denoted by (𝜶𝜶 − Ωcl(B̃)) and defined by 
μ𝜶𝜶−Ωcl�B��(x) = min{ μF̃(x) : F̃ is a fuzzy 𝜶𝜶 − Ω closed  set in Ã,  μB̃(x) ≤ μF̃(x)} 

• The 𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇– closure  of B̃ is denoted by (𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓cl(B̃)) and defined by 
μ𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 cl�B��(x) = min{ μF̃(x) : F̃ is a fuzzy 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 – closed  set in Ã,  μB̃(x) ≤ μF̃(x)} 

• The 𝜶𝜶 – closure  of B̃ is denoted by (𝛼𝛼cl(B̃)) and defined by 
μ𝛼𝛼cl�B��(x) = min{ μcl(F̃)(x) : F̃ is a fuzzy open set in Ã,  
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 μB̃(x) ≤ μF̃(x)} 
 

2.3  Proposition: 
Let (Ã , T̃) be a fuzzy topological space then : 
1) The complement of fuzzy Ω-open set is fuzzy Ω-closed set . 

2) The complement of fuzzy α-Ω -open set is fuzzy α-Ω -closed set 
3) The complement of fuzzy feebly-open set is fuzzy feebly-closed set 
4) The complement of fuzzy α-open set is fuzzy α-closed set 
5) The complement of fuzzy ƥ-open set is fuzzy ƥ-closed set 
6) The complement of fuzzy Sp -open set is fuzzy Sp -closed set 
7) The complement of fuzzy a -open set is fuzzy a -closed set 
Proof  : Obvious . 
 

2.4  Proposition: 
Let (Ã , T̃) be a fuzzy topological space then : 

1) Every fuzzy δ-open set is fuzzy open set (fuzzy Ω-open set , fuzzy feebly-open set , fuzzy a-
open set) 

2) Every fuzzy open set is fuzzy Ω-open set (fuzzy feebly open set , fuzzy α-open set) 
3) Every fuzzy Ω-open set is fuzzy α-Ω open set (fuzzy a-open set) 
4) Every fuzzy α-open set is fuzzy α-Ω open set (fuzzy ƥ-open set , fuzzy Sp-open set) 
5) Every fuzzy ƥ-open set is fuzzy Sp-open set. 
6) Every fuzzy a-open set is fuzzy α-open set. 

 

2.5  Remark: 
The converse of proposition (1.3.4) is not true in general as following example shows:- 
 
2.6  Examples: 

1. Let X = { a , b} and  𝐵𝐵�  ,  𝐶̃𝐶 ,  𝐷𝐷� , 𝐸𝐸�  , 𝐹𝐹� , 𝐺𝐺� , 𝐻𝐻� , 𝐽𝐽 , 𝐾𝐾� are fuzzy subset in 𝐴̃𝐴  where 
𝐴̃𝐴 = { ( a , 0.6 ) , ( b , 0.6 ) } , 𝐵𝐵�  = { ( a , 0.6 ) , ( b , 0.0 ) }  
𝐶̃𝐶 = { ( a , 0.0 ) , ( b , 0.4 ) } , 𝐷𝐷� = { ( a , 0.6 ) , ( b , 0.4 ) } 
𝐸𝐸�  = { ( a , 0.1 ) , ( b , 0.5 ) } , 𝐹𝐹� = { ( a , 0.6 ) , ( b , 0.5 ) } 
𝐺𝐺� = { ( a , 0.1 ) , ( b , 0.0 ) } , 𝐻𝐻� = { ( a , 0.1 ) , ( b , 0.4 ) } 
𝐽𝐽 = { ( a , 0.0 ) , ( b , 0.5 ) } , 𝐾𝐾� = { ( a , 0.5 ) , ( b , 0.0 ) } 

Then the fuzzy set  𝐻𝐻� is a fuzzy Ω-open set (fuzzy open set) but not fuzzy 𝛿𝛿 – open set , 
 also 𝐶̃𝐶 , 𝐺𝐺� are fuzzy open set but not fuzzy δ-open set , 𝐻𝐻� is fuzzy feebly open set but not fuzzy 
δ-open set. 
Also ,  the fuzzy set  𝐸𝐸�  is a fuzzy α-Ω-open set but not fuzzy 𝛼𝛼 – open set ( not fuzzy Ω-open set 
) , 
The fuzzy set 𝐻𝐻� , 𝐾𝐾� are fuzzy α-open set but not fuzzy a-open set . 
The fuzzy set 𝐶̃𝐶 , 𝐺𝐺� are fuzzy Sp-open set but fuzzy feebly open set 
 ( not fuzzy α-open set ) , also they are fuzzy ƥ-open set but not fuzzy α-open set . 
 

2. Let X={ a , b } and  , 𝐵𝐵�2 , 𝐵𝐵�3 , 𝐵𝐵�4 , 𝐵𝐵�5 , 𝐵𝐵�6 , 𝐵𝐵�7 , 𝐵𝐵�8 , 𝐵𝐵�9 , 𝐵𝐵�10 , 𝐵𝐵�11 , 𝐵𝐵�12 , 𝐵𝐵�13, 𝐵𝐵�14 , 𝐵𝐵�15 , 
𝐵𝐵�16 , 𝐵𝐵�17 , are fuzzy subset of 𝐴̃𝐴  where:                                                                                                 
𝐴̃𝐴 = {( a , 0.7 ) , ( b , 0.7 )} ,   𝐵𝐵�2 = {( a , 0.0) , ( b , 0.7)} ,                                                                  
𝐵𝐵�3 = {( a , 0.3) , ( b , 0.7)} ,   𝐵𝐵�4 = {( a , 0.0) , ( b , 0.4)}, 
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      𝐵𝐵�5 = {( a , 0.6) , ( b , 0.7)} ,   𝐵𝐵�6 = {( a , 0.0) , ( b , 0.2)} , 
      𝐵𝐵�7 = {( a , 0.4) , ( b , 0.0)} ,   𝐵𝐵�8 = {( a , 0.4) , ( b , 0.5)} , 
      𝐵𝐵�9 = {( a , 0.7) , ( b , 0.0)} ,   𝐵𝐵�10 = {( a , 0.7) , ( b , 0.3)} ,  
      𝐵𝐵�11= {( a , 0.6) , ( b , 0.2)} ,  𝐵𝐵�12= {( a , 0.4) , ( b , 0.4)} ,  
      𝐵𝐵�13= {( a , 0.3) , ( b , 0.2)} ,  𝐵𝐵�14= {( a , 0.4) , ( b , 0.1)} ,  
      𝐵𝐵�15= {( a , 0.7) , ( b , 0.4)} ,  𝐵𝐵�16= {( a , 0.4) , ( b , 0.7)} , 
      𝐵𝐵�17= {( a , 0.7) , ( b , 0.2)}                                                                                    

Then the fuzzy set  𝐵𝐵�2 , 𝐵𝐵�3 , 𝐵𝐵�6 , 𝐵𝐵�7 , 𝐵𝐵�9 , 𝐵𝐵�15 is a fuzzy Sp-open set but not fuzzy 
𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 – open set , 
 also 𝐵𝐵�8 , 𝐵𝐵�12 are fuzzy α-open set but not fuzzy a-open set , 
𝐵𝐵�2 , 𝐵𝐵�3 , 𝐵𝐵�6 , 𝐵𝐵�7 , 𝐵𝐵�9 , 𝐵𝐵�11 , 𝐵𝐵�13 , 𝐵𝐵�14 , 𝐵𝐵�15 , 𝐵𝐵�17 is fuzzy ƥ- open set but not fuzzy α-open 
set. 
Also ,  the fuzzy set  𝐵𝐵�2 , 𝐵𝐵�3 , 𝐵𝐵�6 , 𝐵𝐵�7 , 𝐵𝐵�9 , 𝐵𝐵�15 is a fuzzy Sp-open set but not fuzzy 𝛼𝛼 – 
open set, 

The fuzzy set 𝐵𝐵�8 are fuzzy Sp-open set but not fuzzy ƥ-open set . 

2.7  Remark: 

Figure - 1 – illustrates the relation between fuzzy 𝛿𝛿-open set and some types of fuzzy open sets. 
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Figure  -1- 
 
 

 
 

3. Results and Discussion 

We reached new relations between the fuzzy 𝛿𝛿-open set and the fuzzy opens set that we 

studied , And we gave examples to prove that . 
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