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1. Introduction :
The recent concept is introduced by Zadeh in (1965) [18], In (1968) Chang [4] introduced the
definition of fuzzy topological spaces and extended in a straight forward manner some concepts

of crisp topological spaces to fuzzy topological spaces. In (1973) wrong given The definition of
fuzzy point such away that an ordinary point was not special case of fuzzy point.

In (1974) While Wong [17] discussed and generalized some properties of fuzzy topological
spaces. In (1980) Ming, p.p. and Ming, L.Y. [13] used fuzzy topology to define the
neighborhood structure of fuzzy point.

In (1982) Hdeib [7] introduced the concept of fuzzy Q-open set in topological space, In (1982)
Maheshwari S.N. and Jain P.G. [9] defined the notion of fuzzy feebly open and fuzzy feebly
closed set in fuzzy topological space and studied their properties .

In (1986) Mashhour A.S. and others [12] introduced the notion of a-open sets in topological
space. In (1987) Mashhour A.S. and others [11] and in (1991) A.S.Bin Shahana [1] in introduced
the concept fuzzy p-open set in general topology, In (1995) A.M.Zahran [2] introduced the
notion of fuzzy &-open set in fuzzy topological spaces, In (1996) Dontchev and Przemski have
introduced the concept of Sp-open set in general topology [5].

In (1998) Bai Shi — Zhong and Wang Wan — Liang [3] have introduced The notion of fuzzy topology
on fuzzy set and they defined the quasi-coincident in fuzzy topological space on fuzzy set. In (2003)
Mahmoud, fath-Alla and Abd.Ellah [10] defined fuzzy interior and fuzzy closure in fuzzy topological
space on fuzzy set and investigate their properties ,

In (2016) otchana and others introduced the concept of a-Q open set in topological space [14].

1.1 Definition [4] : B
Let X be a nonempty set, a fuzzy set A in X is characterized by a function
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ug: X—=1 ,where | = [0,1]which is written as

A= {(x,1z(x)): xXEX ,0 < uz(x) < 1}, the collection of all fuzzy sets in X will be
denoted by I¥ that is

X = { A: Ais a fuzzy sets in X} where ;4 is called the membership function

1.2 Proposition [18] :
Let A and B be two fuzzy sets in X with membership functions pz and pg respectively, then for
all x e X: -

LACB o mi® < pp.

P!

22 A =B o ;® = K.

w
OI

=ANB < C = min{puz(x) , us(x) }.

4. D=AUB < D(x) = max{ uz(x), ug(x)}.
5. B° the complement of B with membership function
Hpe(®) = Hg(¥) = B () -

1.3 Definition [10]:

A fuzzy point x,. is a fuzzy set such that :
u ()= r>0 if x=y, vye X and
u (y) = 0 if x #y,vye X

The family of all fuzzy points of A will be denoted by FP(A)..

1.4 Definition [4]:

A collection T of a fuzzy subsets of A , such that T < P(A) is said to be fuzzy topology on A if it
satisfied the following conditions

1. A, d €T

2. If B,Ce T,then BnC €T

3. If B,€ T,then U,B, €T, a€A

(A, T) is said to be Fuzzy topological space and every member of T is called fuzzy open set in A and
its complement is a fuzzy closed set.

1.5 Definition [8]: B
A fuzzy set B in a fuzzy topological space (A ,T) is said to be
Fuzzy delta set if, wpi(3)®) < up(X) < Hejne ()X
Such that,
e Fuzzy &-open set if ulnt(a(g))(x) < pp(x) .
o Fuzzy 8-closed set if pg(X) < Hyne(s)) (X) -
e Fuzzy &-closed set if A= écl(A), where B
Mscl(B) (X) = min{ pg(x) : Fis a fuzzy & — closed setin A,

Hp(X) < pup(X)}.
The complement of fuzzy 6-closed set is fuzzy 6-open set

1.6 Remark: 5
1. The family of all fuzzy &-open sets in a fuzzy topological space (A ,T) will be denoted by
FSO(A).
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2. The family of all fuzzy §-closed sets in a fuzzy topological space (A ,T) will be denoted by
FSC(A).

1.7 Proposition [13]:
1) Any union of fuzzy §-open sets in a fuzzy topological space (A,T) is a fuzzy 5-open set in
A

2) Any intersection of fuzzy §-closed sets in a fuzzy topological space (AT) is a fuzzy &-
closed set in A.

Remark 1.8 :
(1) The intersection of two fuzzy §-open sets is not necessary fuzzy §-open set.

(2) The union of two fuzzy &-closed sets is not necessary fuzzy
6-closed set.
As shown by the following example :-

1.9 Example:
let X = {a,b}and B, C ,D ,E ,F ,K ,L befuzzysubsetsof A where:

A ={(a,04),(b,06)},B ={(a,00),(b,04)},
C={(a,04),(b,0.0)},D ={(a,04),(b,0.4)},
E ={(a,00),(b,02)}, F ={(a,04),(b,0.2)},
K ={(a,00),(b,05)},I={(a,04),(b,0.1)},

The fuzzy topology defined on A is

T={¢,A,B,C,D,E,F,K, L}

K , L are fuzzy 5-open sets but K n L is not fuzzy §-open set also K¢ U L€ is not fuzzy 6-
closed set.

1.10 proposition [15]:

Every fuzzy §-open set (fuzzy §-closed set) is fuzzy open set
(fuzzy closed set).

Proof : Obvious

1.11 Remark:
The converse of proposition(1.10) is not true in general as the following example shows:-

1.12 Example:

Let X ={a,b,c}and B, C, D, E, F,G, Hbe fuzzy subsets
of A where:

A={(a,0.9),b,09),(c,09)},

B ={(a,02),(b,0.2),(c,0.3)},

C ={(a,0.3),(b,0.2),(c,0.3)},

D ={(a,04),(b,04),(c,03)},

£ ={(a,05),(b,05),(c,06)],
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F ={(a,03),(b,03),(c,03)},
G={(a,05),(b,07),(c,06)},
H={(a,01),(b,03),(c,03)},
The fuzzy set B in fuzzy topological space (A , T) is fuzzy

open set [fuzzy closed set] but not fuzzy &-open set [fuzzy §-closed set ] .

1.13 Definition [9]:

A fuzzy set B in a fuzzy topological space (A |T) is called fuzzy §-neighborhood (§nbhd) of a
fuzzy point x, in A if there is a fuzzy 6-open set G in A such that

e, (X) < g () < pg(x), VX € X

1.14 Proposition:
Every fuzzy §-neighborhood B of x, is fuzzy neighborhood.
Proof : Obvious

1.15 Definition [9]:

A fuzzy set B in a fuzzy topological space (A ,T) is called fuzzy

5-quasi neighborhood of a fuzzy point x, in A if there is a fuzzy §-open set G in A such that x,
Gand pg (x) < ug(x) ,Vx € X.

1.16 Proposition: B
Let B be a fuzzy set in a fuzzy topological space (A ,T), then the following statements are
equivalent ;

1) B is fuzzy 6-opensetinA .

2) B is a fuzzy §-neighborhood of x,, for each fuzzy point x, in B

3) For each fuzzy point x, in B, there exist a fuzzy §-neighborhood T of x, such that p,_(x) <

He(0) and pz(x) < pp(x), VX € X
Proof: Obvious

1.17 Definition:

A fuzzy set Bin (A ,T) is said to be fuzzy §-clopen set if and only if both fuzzy §-open set and
fuzzy 6-closed set.

Definition 1.18 :

Let B be a fuzzy set in a fuzzy topological space (A ,T) then :

e The &-closure of B is denoted by (8cl(B)) and defined by

Hsal (g)(x) = min{ pgp(x) : F is a fuzzy § — closed setin A,

He(X) < pp(X)} .

e The é —interior of B is denoted by (§int(B)) and defined by

Maine(8)(X) = max { i (x) : G is a fuzzy § - open setin A |, pg (¥) < (0}

1.19 Theorem:
Let B and C be fuzzy sets in a fuzzy topological space (4 , T), then ;

Lo s @) = pug(x) and pee 4y (X) = pa(x) -
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If pp(X) < pe(X) then pse y(X) < Hacrcy(X) -

Hz(X) < Hser @) (X) -

Msct st (8y) (X) = Ko @) (X) -

Hscl (min (ug(x), nzGOD () < min { wse 3 (X) 5 Boer () (X) 3
Hsel max (ug (), uE(x))(X) =max { e ) (%) + Hser o) (X) }-
1.20 Theorem:

Let B and C be fuzzy sets in a fuzzy topological space (4 , T), then ;

L Wsine @) = ug(X) and psime (ay(X) = pa(x) -

If pp(X) < pe(X), then wsine @) (X) < Wsine 0y (X) -

Hsine 3)(X) < pp(X).

Hsine (sint (5))(X) = Ksine )(X) -

Usint (min {fup), uE(x))(X) = min { Hsine ® (X) 1 Wsint (C)(X) }
6. max { Hsine (E)(X) » Msint (0) (X) } < Wsint (max {nzx), ug(x))(x) .

Proof : Obvious

SN Sl A

o

SAE I S A

1.21 Theorem [15]:

If (A ,T) is a fuzzy topological space and B are fuzzy set in A and x, is a fuzzy point in A, then
My, (X) < Hgine ) (X) if and only if x, has a fuzzy §-neighborhood contained in B.

Proof : Obvious

1.22 Definition [4]:

A collection G = {G, : @ € A } of fuzzy open sets in (A, T) is said to be fuzzy open cover of a
fuzzy set B of Aif pg(x) <sup{pg (x):a€ A}

Definition 1.23 [16]:

A collection {B, : @ € A} ofafuzzy setsin (A, T) is said to be fuzzy locally finite if for every
e (x) < g (%), there exist a fuzzy neighborhood N of x, which is quasi coincident with at
most a finite number of the members of {B, :a € A }.

1.24 Definition [16]:

LetB={B,:a€ A}, C={Cs : € A} (B <a)beany two collection of fuzzy sets in (A,
T), then C is a refinement of B if for each f € A there exist a € A such that We, X) < pg, ®

2. Some Types of Fuzzy Open Sets:

In this section we study the properties and relations of various typess of fuzzy open set in fuzzy
topological spaces on fuzzy set which will be needed later on

2.1 Definition: B
A fuzzy set B of a fuzzy topological space (A,T) is said to be :-

1) Fuzzy Q-open (Fuzzy Q-closed ) set if
Her @) (%) < ”c1(1nt(§))(x) » (Mineer 3 ®) < Hg@(®) ), VxXE X
The family of all fuzzy Q-open (fuzzy Q-closed) sets

in A will be denoted by FQO(A) ( FQC(A)).
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2) Fuzzy a — Q open (Fuzzy a — Q closed ) set if
e (X) < Hpneg(crnea(®) X » (Mo (e cla®)) < HBX))
B is called (Fuzzy a — Q closed ) set if its complement is Fuzzy
a — flopen sets

the family of all Fuzzy a — Q open (Fuzzy a — (1 closed) sets
in A will be denoted by Fa — QO(A) ( Fa — QC(A)).

3) Fuzzy feebly — open ( feebly — closed ) set if

up (X) < ps (CL(Int(B™))) (%), (us(Int(CL(B)))(X) < up(x), VXEX
The family of all fuzzy feebly — open (fuzzy feebly — closed) sets in A will be denoted by
FfeeblyO(A) ( FfeeblyC(A)).

4) Fuzzy a-open (fuzzy a-closed) set if

(%) < Hpne(clane(8)) (3 » (Ha(mea (@) < Ha(X))

The family of all fuzzy a-open (fuzzy a-closed ) sets in A will be denoted by FaO(A)
(FaC(A)).

5) Fuzzy p-open (fuzzy p-closed) set if
up(x) < K (CI(E))(X) , (I’J‘Cl(lnt(ﬁ)) Spg(x)) JVXEX

The family of all fuzzy p-open (fuzzy p-closed ) sets in A will be denoted by FPO(A) (FFC(A)).
6) Fuzzy Sp-open (fuzzy Sp-closed) set if
Mp(x) <maxfh, (a(®) ), uCl(lnt (B)) €9);

ug(x) = mini?{hlnt (Cl (§)) ), I'lCl(Int (g))(x)} , VXeX

The family of all fuzzy Sp-open (fuzzy Sp-closed ) sets in A will be denoted by FSpO(A)
(FSpC(A)).
7) Fuzzy a-open (fuzzy a-closed) set if

up(x) < Hine (cl(Int 4(B))) x) (Hc1(1nt(c1s(§))) < ug(x))

The family of all fuzzy a-open (fuzzy a-closed ) sets in A will be denoted by FaO(A) (FaC(A)).

2.2 Definition: B
Let B isafuzzy set in a fuzzy topological space (A ,T) then :

e The Q—closure of B is denoted by (Qcl(B)) and defined by
Mo (5)(X) = min{ pg (%) :Fis afuzzy Q- closed setin A, pg(x) < pp(x)}
e The a — Q-closure of B is denoted by (a — Qcl(B)) and defined by
Ma—qa(5)(X) = min{ pg (x) :Fisafuzzy a — Qclosed setin A, pp(x) < pp(x)}
e The feebly-closure of B is denoted by (feeblycl(B)) and defingd by
Wreebty ci(8)(X) = min{ pg(X) . F is a fuzzy feebly —closed setin A, pg(x) < pp(x)}
e The a—closure of B is denoted by (acl(B)) and defined by
Mea (3)(X) = min{ pg ) (%) : F is a fuzzy open set in A,
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up(X) < ur(X)}

2.3 Proposition:
Let (A, T) be a fuzzy topological space then :
1) The complement of fuzzy Q-open set is fuzzy Q-closed set .

2) The complement of fuzzy a-Q -open set is fuzzy a-Q -closed set

3) The complement of fuzzy feebly-open set is fuzzy feebly-closed set
4) The complement of fuzzy a-open set is fuzzy a-closed set

5) The complement of fuzzy p-open set is fuzzy p-closed set

6) The complement of fuzzy Sp -open set is fuzzy Sp -closed set

7) The complement of fuzzy a -open set is fuzzy a -closed set

Proof : Obvious .

2.4 Proposition:
Let (A, T) be a fuzzy topological space then :

1) Every fuzzy 5-open set is fuzzy open set (fuzzy Q-open set , fuzzy feebly-open set , fuzzy a-
open set)

2) Every fuzzy open set is fuzzy Q-open set (fuzzy feebly open set , fuzzy a-open set)

3) Every fuzzy Q-open set is fuzzy a-Q open set (fuzzy a-open set)

4) Every fuzzy a-open set is fuzzy a-Q open set (fuzzy p-open set , fuzzy Sp-open set)

5) Every fuzzy p-open set is fuzzy Sp-open set.

6) Every fuzzy a-open setis fuzzy a-open set.

2.5 Remark:
The converse of proposition (1.3.4) is not true in general as following example shows:-
2.6 Examples:

1. LetX={a,b}and B, C, D,E,F,G,H,]J,K are fuzzy subsetin A where
A={(a,06), (b, 0 Y}, B={(a,06),(b,00)}
C={(a,00),(b,04)},D={(a,06),(b,04)}
E={(a,01),(b,05)},F={(a,06),(b,05)}
G={(a,01),(b,00)}, 17={(a 01),(b,04)}

J={(a,00),(b,05)},K={(a,05),(b,00)}
Then the fuzzy set H is a fuzzy Q-open set (fuzzy open set) but not fuzzy § — open set ,
also C , G are fuzzy open set but not fuzzy 5-open set , H is fuzzy feebly open set but not fuzzy
d-open set.
Also , the fuzzy set E is a fuzzy a-Q-open set but not fuzzy a — open set ( not fuzzy Q-open set
),
The fuzzy set H , K are fuzzy o-open set but not fuzzy a-open set .
The fuzzy set C , G are fuzzy Sp-open set but fuzzy feebly open set
( not fuzzy a-open set ) , also they are fuzzy p-open set but not fuzzy a-open set .

2. LetX={a,b}and ,B;,B3,By,Bs,Bs,B;,Bg, By, Big,B11, By, Bis, Bus, Bis
B16 By, , are fuzzy subset of A where:
A={(a,07),(b,07)}, B,={(a,0.0),(b,07)},
§3 ={(a,0.3),(b,0.7)}, §4:{(a,0.0),(b,0.4)},
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B.={(a,06),(b,0.N}, Be={(a,0.0),(b,0.2)},
B,={(a,04),(b,0.0)}, Bg={(a,04),(b,05)},
Bo={(2,0.7),(b,0.0}, Biy={(a,07),(b,03)},
Bu={(a,08),(b,02)}, Bpp={(a,04),(b,04)},
Bis={(a,03), (b,02)}, Bu={(a,04),(b,01},
Bis={(a,07), (b, 04}, Big={(a,04),(b,07)},
Bi;={(a,07), (b,02)}

Then the fuzzy set B, , B; , By , By , By , Bys is a fuzzy Sp-open set but not fuzzy
feebly open set,

also Bg , Blz are fuzzy a-open set but not fuzzy a-open set ,

Bz Bg B6 B7 Bg Bll B13 B14 B151B17 ISfuZZYf) opensetbutnotfuzzy(xopen
set.

Also, the fuzzyset B, , By, Bs, B, , By, Bys is a fuzzy Sp-open set but not fuzzy a —
open set,

The fuzzy set Bg are fuzzy Sp-open set but not fuzzy p-open set .
2.7_Remark:

Figure - 1 — illustrates the relation between fuzzy §-open set and some types of fuzzy open sets.

3-open

Q-open

—_— a-Q-

a-open e 71 oen

p-open

Figure -1-

3. Results and Discussion

We reached new relations between the fuzzy &-open set and the fuzzy opens set that we

studied , And we gave examples to prove that .
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