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COLLATZ-SYRACUSE CONJECTURE INVALIDATION

Abstract :
In this document, we study the syracuse sequences of all integers from 1 to infinity. Thus we
obtain sequences whose limit at infinity are compared to the values (4,2 and 1) in order to
verify the conjecture.
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INTRODUCTION

Of all the currently unsolved mathematical problems, which one has the most basic
statement? This may well be the Syracuse conjecture: accessible to all in its statement, it has
challenged researchers for decades.

The 3n + 1 problem is posed in these terms: let us start from any positive integer, and apply
the following transformation to it repeatedly (we speak of a trajectory): if this number is even,
we divide it by 2, if the number is odd, we multiply it by three then we add 1, so we get
another number. Is it true that sooner or later we will end up with 17 All calculations made to
date confirm this prediction.

The suite is written as follows.

T . .
— iof U 1is even
2 n

3U +1 if U is odd

n+1 =
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In this paper we are going to prove the Syracuse conjecture is false.

|. DEFINITIONS :

0. Series:

A series ( is a sum of 2" integers.

There are four types of series :

Heterogeneous series (m) :

It is a sum of even and odd numbers. It is also an alternation of odd and even

numbers.
2"1
m=>(ai+b)
i=0

Where a is odd number and be N~

Example :

Even series (port) :
It’s a sum of only even numbers.

p= z_nzl(ai +b)

Where a and b are even numbers.

Example :

i=0

Odd series 1 :
It is a sum of only odd numbers.

2"-1

r:Z(ai+b)
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Where a is even and b odd

Example :

24
m=>(4i+5)=5+9+13+17+....+69

i=0

- Homogeneous series h :
It is a sum of one even series t and one odd series r

h=t+r

1. Line:
Aline is a sum of 2° series where p >0
The generic name of any lineis Q.
There are four types of lines : homogeneous line (H), odd line (R), even line (P) or
(T)and heterogeneous line (M).

- An homogeneous line H is a sum of one evenline T and one odd line R.

H=T+R= 2Zp:(znz_l(akwb)) + i(znz_l(alwb))
Where T=i(§(aki+bk))=i(§tk) and
R= Z(Z(awb)) Z(Zrk

- Anevenline P or T isasum of 2° even series .
2P 2" 2P 2"

P=> (> (ai+h))= Z(Zpk

k=1 i=0 k=1 i=0

- Anodd line is a sum of 2° odd series (r, ).
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2P 2" 2P 2"
R= Z(Z(akHb )= Z(Zrk
k=1 i=0 k=1 i=0

- An heterogeneous line is a sum of 2° heterogeneous series (M, ).

2P 2"t 2P 2"-1

M :Z(Z(aki"'bk)):Z(zmk)

k=L =0 k=L =0

Il. FUNCTIONS

1. THE SEPARATION FUNCTION H:

The separation function H also called the to-homogeneous function is a sum of two
functions :

H. the right-separation function and H, the left-separation function.

2"-1 2"-1

If m= Z(Ui) =Z(ai +b) is an heterogeneous series, H(m) gives two series : one
i=0 i=0
odd series and another even series. The results are also both called homogeneous

series.
H =H(m)=H,(m)+H(m)

on -1 1 on- 171

H,(m)=H,( Z(al+b) )= Z(Uz.)—2(23'+b)

on- l_l on- 1_1

H (m)=H,( Z(a|+b) ) = Z(U2,+l)—2(2a|+a+b)

2n—1_1 2n—1_l

So H = Z(2ai+b)+ Z(2ai+a+b)

NB :
If H,(m) is odd then m is said to be odd-left or even-right heterogeneous series.

If H,(m) is odd then m is said to be odd-right or even-left heterogeneous series.

Odd-left and odd-right heterogeneous line ? :
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If we apply the separation function to an heterogeneous line, we find an odd
line and an even line. So if the odd series comes from the left-separation
function applied to the hrterogeneous series then this last one is said odd-
left heterogeneous, else it’s said odd-right. If the even series comes from the
left-separation function applied to the heterogeneous series, then this last
one is said to be odd-right.

2P 2"

If M = Z(Z(akl+b )

k=1 i=0

It can be written as follows

,_\

M = izn (ai+b )+ZZ(a i+b,)

x=1 i= y=1 i=0

Where X +Y =2°P

x X 2"
M :ZZ(axi +b,) isthe sum of odd-left series . It’s also called the odd-left

x=1 i=0
heterogeneous line

y Y 2"
M :zZ(ayi +b,) is the sum of odd-right series or the odd-right

y=1i=0
heterogeneous line

X y
M=M=+ M

2. The to-Even function E :

The to-Even function E receives in entry an odd series I then results in an even series p .

2"-1 2"-1
If r= Z(U ) Z(al +b) isan odd series, we have :

i=0
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E(r)= Z_HZI(SUi +1) :Z_HZ:l(?aai +3b+1)

3. The to-heterogeneous function H.,:

The to-heterogeneous function H_ transforms an even series p into an

heterogeneous series m .

1 2"-1

2"
p=>.(U;)=)Y (ai+b) isan even series.
i=0

i=0

2"-1

H.(p)= Y () =3 (Gi+2)

Ill. Pyramid and blocs :

0. Bloc B :

A bloc B is a succession of three lines : it ‘s composed by one heterogeneous lineM
followed by an homogeneous line H, then an even line P, thatsuch H(M,)=H, ,
E(H,)=PF, and H,(R)=M,.

So B,=(M,,H,,R,)

1. Pyramid S :
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A pyramid S, is a succession of n blocs (B,) thatsuch H,(P,))=M

The pyramid S, which begin with the heterogeneous line M, is
S,(M,)=(B,,B,,B,,...,B, ;).

This pyramid ends with P, ,

2"-1
1. Construction of the pyramid Sl(Z(i +1):

i=0
M, = ) (i+1) is the first heterogeneous line

- Determination of H, the first homogeneous line :

Ho =H(Mo) =H(X (i+1)) = H, (X (+D)+ H, (3 (+1)

H, = Z (2i+1) + Z(2i+2)

2"ty ol
With T, =>1(2i+2) and R;= ) (2i+1)
i=0 i=0

- Determination of the even line P,

2n71_1 2”71—1
P =Ty +E(Ry) = D> Qi+2)+E(D (2i+1))
i=0 i=0
2 2l

P, = Z (2i+2)+ Z(6i+4)

g
Where W, = Z(Gi +4)

i=0

NB : if An even line comes from the separation function, it’s noticed by T
If an even line comes from the to-even function, it’s noticed by P
If an even line comes from an odd line, it’s noticed by W

- Determination of the second heterogeneous line M :

2n—171 Zn—lil

My =H (F) =H (T, +Wo) =H, (> i+2)+ > (6i+4))

i=0

GSJ© 2023
www.globalscientificjournal.com

566



GSJ: Volume 11, Issue 8, August 2023
ISSN 2320-9186

2" 2" 2"l 2"

M1=%( (2 @i+2)+ X (Bi+4)= > (i+D+ > (Bi+2)

2n71_l 2n—1_1

Moo 3 i+D+ Y @i+2)

- Determination of the second homogeneous line H,

2n—171 2n—171

Hi=H M) =H(Y (i+)+ > (3i+2))
H, =H (anlll(i +1))+H (Zil@i +2))

H, = H'(Z (i+1)+ Hr(Z(i+1))+ H'(Z (Bi+2)+ Hr(Z(3i+2))

22 2" 21 22 221

Hyo= > Qi+1)+ D (2i+2)+ > (6+2)+ > (6+5)

i=0 i=0 i=0 i=0

o NI 22 22 221

Where Ry = > (2i+1)+ Y (6i+5) And Ty=>" (6i+2)+ > (2i+2)

- Determination of the even line P, :

P =T.+E(R)

2" 21 "2 2" 21 "2

E(R,) = E( Z (2i+1) + Z(6i+5)): Z (3(2i+1) +1) + Z(S(Gi+5)+1)

2n—2 ] 2n—2 1

E(R,) = Z (6i +4) + Z(lSi +16)

22 22 22 22

So =) (2i+2)+ > (6i+4) + > (6i+2)+ > (18i+16)

We just give the determination of S;(M,)=((M,,H,,R,),(M;,H,,R))
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NB : we can see that S_(M,) is the infinite pyramid of M, and its last lines (M _,H_,P,)

will give us the result we are looking for.

IV. DOING SOME CALCULATIONS USING H  :

So if we consider that all numbers from 1 to infinity are going to reach the values

(4,2,1) where n tend to infinity then and p tend to n-1:

T, will be defined by.: 2" x2<T, <2" x4

R, will be equal to 2" x1

The difference between T, and R, will be defined by :
2"t x 22" x1<T —-R, < 2" x4-2""x1
2"1(2-1)<T,-R, <2"'(4-1)

where n tend to infinity and p tend to n-1

Let’s consider an heterogeneous line M |

2P 2P

Mp :Z( Z(aki+bk))

- Finding the homogeneous line H
H, :H(Mp):Hl(Mp)JrHr(Mp)
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2P 2" Pl )
H| (M p) = Z( Z(Zakl +bk))
k=1 i=0

2P 2" Pl

H.(M,)=>( 2 (2a,i+b +a,))

H(M))+H (M)=T,+R,

2P 2nPlg 2P 2" Pl
H,o= Y (D Qai+b))+ D.( D (2a,i+b, +a,))
k=l i=0 k=1 =0

2 2P 2°P

n-p-l g 2P
ifH, = Y (Aji+B,) then A =>2a +)> 2a = ) 4a
i=0 k=1

k=1 k=1
2P
A, = kZ4ak
=1

Let’s pose D(H ) as the absolute values of the differences between even suites

and odd suites which come from the same heterogeneous suite in the line H

2P 2" P 2"P 2"Pq

Soif M, = > (ai+h)+ X (a,i+h,)+ > (ai#hy)+..+ D (a,i+b,)

2" P 2P

H,=H( Z(a1i+b1))+H|( Z(ali+bl))

2P 2P

+H( Z(azi +b,))+H,( Z(a2i+b2))

2"Pg 2"Pg

+H, (D (@i +b,))+H, (Y (asi +by))

2"P 2"P1

+H (X (@,0+0,))+ H (X (@i+b,)

When we distinguish odd and even series, we have :
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2n—p71_1 2n—p71_1
H,= Z(aui +by) + Z(aﬂi +by,)
2n-p-l 2"P_g
+ Z(atzl +b,)+ Z(arzl +b,,
2" P 2" P
+ Z(at3i+bt3)+ Z(ar3i+br3)
i=0 i=0
+...
on-p-1_4 on-p-1_g

+ (atpi+btp)+ D (a,i+by)
i=0

We have :
2"P1lg ) 2" Pl )
D(Hp) = Z(atll+btl)_ Z(ar1|+brl)
i=0 i=0
" Pt ) 2P
+ Z(atzl +bt2) - Z(arzl +br2)
i=0 i=0
2n p-1_. 2n p-1_.
+ Z(atSI +by,) - Z(arsl +b,3)
...
2n p-1_. Zn p-1_
L Z(atpl +by,) - Z(arpl +by)
2" P 2" P
Since H, ( Z (ai+b))= Z (2ai+b+a) and
i=0
2P 2" P
H (Y (ai+b))= > (2ai+b)
i=0 i=0
2"Pg 2"P

Then H (Y (ai+b))> H,( Y (ai+b))

As a result
2P 2" Pl ) 2P oMl )
D(H,)=H,M_)-H M) => > (ai+b +a)-D> > (2ai+h,)
k=1 i=0 k=1 i=0

2P 2M-pl g 1 2P 2M-P-lg 2“ L
DH,)=>. > (@)==> > (4a,)= = Z(A)

k=1 i=0 4 k=1 i=0

2" A
D(Hp) = 2p+l><Tp _______ > (1)
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- Finding the even line P,

= Z( Z_(ati+bt))
And R, 2Zp:(zni(a i+Db,))
Where H, = D10 Y (ai+h)) + 2 ( X (@i+b)

P,=T,+E(R,)

- i(znf_(l?)arnfibr +1))
SoW, = 2Zp:(zni(&a i+3b, +1))
i(znpzl(awb D+ ST @ai 3, +1)

r3i i=0

2°P 2°P 2°P
NB: let’s proove thatZ:at = Zar = ZZak
= =

2P on- p-1_. 2P on- p-1_.

Z( Z(a|+b)) + Z( Z(a i+b))
T,+R, =H,(M,)+H,(M,)
Then, > ( Z_(lati+bt)) DX Z_(lari+br)) = H,(M,)+H,(M,)

Consequently,

Z( Z(a|+b))+2( Z(a|+b))— Z( Z(Za i+b,)) +
i (Zniilzaki b, +a,))
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2P 2" Pl ) 2P 2" Pl ) 2P 2" Pl ) 2P 2" P )
Asaresult, D ( Y (ai)+ D, Do(ai) = D Dai) + D ( D (2ai)
t=1 =0 r=l =0 k=1 =0 k=1 =0
2P " Pl g 2P 2" Pl
Wecansee > ( D (ai) = D ( D (2a,)
t=1 =0 k=L =0
2P 2" Pty 2P Mg
And > D (ad) = D (D (2a,i)
r=1 =0 k=1 i=0

2P 2P 2P
As aresult, Zat = Zar = ZZak
t=1 r=1 k=1

- Finding M,
2P 2" Pl ] 2P 2" Pl )
M, =H.(P,) = H.Q (D (ai+bh))+ > > (3a,i+3b, +1))
t=1  i=0 r=1 =0
2P 2" Pl 2P 2" Pl
Z( Z & |+bt))+z = 32 432 +1)
i r1 =0 2 2 2
- Finding Herl

Before finding H ., we must seperate odd-left and odd-right linesin M,

X E 2"Plg a G 2" Pl ag bg 1
M_ ., = —=i+2)) + 3— i+3—= +23) isthe odd-left line
pt ;( i:0(2 2) ;;( > > 2)
y F 2" rig a, H 2"*"’171 b
M, = Z( (?I+—)) + Z — i+3 2“ + ) is the odd-right line
f=1 =0 h=1 -0

Where E+F =2 and G+H =2°

X y
Hp+1: H(M p+1): H (M p+1)+H (M p+l)

H(M p+1)= Hl(M p+1)+Hr(M p+1)
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x E b cre 4 b 1
H(Mpa)= X (Y @i+2)+> > (Ba,i+3-2> +2)
e=1 i=0 2 g=1 i=0 2 2
E on-p- 2 -1 G Zn—pfzil ) a b 1
H (M )= (D] (a|+—+ e))+Z > (3ag|+379+3?g +§)
e=1 i=0 g=l =0

y y y
H(M p+l): H (M p+l)+ Hr(M p+l)

s T DU N
H (Mpﬂ)_ Z( > @i+ + Y D (Ba,i+3t +2)
f=1 i=0 2 h=1 i=0 2 2

F 2P 2, 2" P2

H 2" P21
Hr(MZﬂ): DD (ay |+—+—)) DI (3ahi+3a—h+3b—h +1)
f=1 =0 h=L =0 2 2 2

X y
So T,,=H (Mpa)+H,(Mpa) because all series in these two line are even

E 2" P23 Cu2iahal -1 i a b 1
R Z (a|+—+ e))+Z y | (3ag|+3?9+3?g +E) +
e=l 1=0 g=1 i=0
F 2" P2 H 2" P21 b, 1
a |+— + 3a,i+3— +=
202 @ir)) +3 3 >+

x y
and R, =H;(Mpa)+H (Mpa) because all series in these two lines are odd

E 2" P2 ] be G 2"P 2 b 2nP2g _a bf
Rou=2.( 2 (@i+2)+> > (3a, |+3— +—) + Z( D (ai+—+—))
e=1 i=0 2 g=1 =0 f=1 i=0 2 2
H 2" P21
> (3ahi+3%+3b—h +1)
) 2 2 2
E 2"P 2 b G 2"P2 b 2" P2 b
=D @i+=2)+ > > (3, |+3— + ) + Z( > (a|+—+ ) +
e=1 i=0 2 g=1 =0 e=1 i=0 2
G 2" P2 ) a b F 2"P24 b H 2" P21 ] b 1
> (3a,i+3-2+3-2 _) F 0 @i+ + (3a,i+31 +3)
g=1 i=0 2 f=1 =0 2 h=1 =0 2 2
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F o222 H 2" P2 b,
(D (ay |+—+—)) £y (3ah|+3—+3—
f1 i 2 hl 0 2 2

Let's find D(H ;) byanalogyto D(H )
D(H p+1) = Hr(M p+1)_ HI(Mp+1)

X y
Hr(M p+1): Hr(M p+1)+Hr(M P+1)

on-p-2_9 on-p-2_4

H.(M,.,)= Z( Y (aei+a—2‘*+b?e))+i Y (3agi+3a7g+

e=1 i=0 g=1 =0

X y
HI('\/I p+l): HI(M P+1)+HI(M p+l)

1
)

1

b
3_9 + =
> )

2

b
22 @i+

. by
(af|+?)

oN=p-2 4 G 2"P2_3 ) b 1 F P24
H (MM)—Z( > (an+—))+z Y (3a,i 82 +7)+
=1 I g=1 i=0 2 2 f=1 =0
H 2" P2
£ (Bai+32 +3)
h-l -0
E 22 a b g 2 - g bg 1
D(H ai+—+->)+ 3a,i+3-2+3-2 +=
(M—l)ég(e 2 2);;( 2 2)
F 2" P2 a b H on-P-24
£y @it+—t+—)+ > D (3ah|+3—+3b—h +l)
f=1 =0 2 h=1 -0 2
EXT G 27 b 1 F 2" P2
“X Y @i+ Y Y @Ga i+t +D Y
e=l =0 g=l =0 2 2 f=1 =0
H 2"P2 1
£ (3a,i+3 +3))
h=1 i=0
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E 2"P2 a, G a F 2"P?1 g H 2"P2 a
D(H,.) =2, 2 )+ 2B+ I CRAPIDINCEY
o o 2 g=1 2 = o 2 h=1 =0
2P 2" P2 a 2P 2" P2
. . t r
According to the separationof M ,,,, D(H ;)= (=)+ Z (3=
= o 2 r=L =0 2
1 2P 2" P2 3 2P 2"P2g 1 2P 2"P2g 3 2P 2" P2
D(H p+1) :_Z Z (at)+_z Z (ar) = _Z (Zak)_'__z Z (zak) =
23 S 2= = 2id = 2\3 =
2P 2" P2 2P 2" P2 2" P2
D(H p+1) = 22 z (Za‘k (4ak = Z (Ap)
k=1 =0 k=L =0 i=0
2I’1
D(H p+1):WXAp _______ > (2)

NB : if we consider that all integers in the pyramid will reach the values (4,2 and 1) wen n tend to

infinity, it means that the syracuse conjecture will be true, then the limit of D(H, ;) will be

defined as follow :

lim(2™(4-1) 2 lim(D(H,_,)) = lim(2"*(2-1))

D(H
The average of D(H ;) is % because it contains 2" integers from the soustractions, and
it will be defined as follow : 3> lim(———== ( ‘1))>1
n—oo

So let’s find the general form of D(H )

- General formof D(H ) :
From (1) and (2) we have:
n n A
D(H,,)= 2 —5*xA, and D(H)) = 2 :

2 p+2

2P% 4
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2n
D(H,.) om2*%
D(H,) 2" A,

I

D(H p+l) -2
D(H,)

then D(H ) is a geometric suite with a first term D(H,) and g =2 is the common
ratio
the general formis: D(H )=D(H,)x2"

2n—1
In the first bloc of the pyramid S(Z (i+1) ) wecanfind D(H,)
i—0

2n—l_l 2n—1_1
Hy= Y Qi+D)+ ) (2i+2)
i=0 i=0
2n—1_1 2!’171_1 27171_1

so D(H,)= 3 (2i+2)- Y j(2i+)= > ()=2""

D(Ho) = 2%k
Asareuslt: D(H )= 2"t % 2P

We know in the last bloc of the pyramid, p isequalto n—1
We must get the value of D(H p) from the last homogeneous line (H, ;) of the
pyramid

So D(H,,)=2""x2""

D(H,,) 2"'x2"

2 n-1 2 n-1 = 2 i

The average of D(H, ;) is
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lim(——222 (2 ), = lim(2") =

n—o0

This value of the average of D(H n_1) permit us to say that the syracuse conjecture is

false because it doesn’t verify the following framing where n tend to infinity :

3> I|m( (2 ‘1))>1

It means taht it exists at least one number between 1 and infinity , whose syracuse suite
is diverging.
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