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Abstract. In this paper, we present a new operator integral transform called
double Laplace-Aboodh transform, some valuable properties for the transform
are current. Furthermore, we use this transform for solving some linear partial
differential equations.

1. Introduction

The source of the integral transforms can be traced back to the work of Laplace
in 1780s and Fourier in 1822 [12]. Laplace transform is highly competent for solv-
ing some class of ordinary and partial differential equations. The integral and
differential equations have been solved using many integral transforms. Aboodh
transform was introduced by Khalid Aboodh to facilitate the process of solving
ordinary and partial differential equations in the time domain [1]. Integral trans-
forms have become an important working tool of all applied engineers and scien-
tist. The Aboodh transform is a new integral transform similar to the Laplace
transform and other integral transforms that are defined in the time domain.
The solutions of initial and boundary value problems are given by numerous in-
tegral transforms methods. In previous years, numerous notice has been given
to deal with the double integral transform, for instance, see [3, 4, 8, 9], and so
on which have many applications in various fields of mathematical sciences and
engineering such as acoustics, physics, chemistry, etc.,. Many researchers have
turned their attention to solve partial differential equation and to develop new
methods for solving such equations. Due to the rapid development in the physi-
cal science and engineering models [2]. We applied new double Laplace-Aboodh
transform to solve Laplace, Poisson, Wave and Heat equations. The main ob-
jective of this paper is to present a new method for solving some linear partial
differential equations subject to the initial and boundary conditions called double
Laplace-Aboodh transform.

1.1. Definition. The Laplace transform of the continuous function f(x) is de-
fined by

L[φ(ζ)] =

ˆ ∞
0

e−ρζφ(ζ)dζ = Φ(ρ). (1.1)

where L is the Laplace operator. Provided that the integral exists. If the integral
is convergent for some value of ρ, then the Laplace transformation of φ(ζ) exists
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2 M. HUNAIBER, A. AL-AATI

otherwise not [14].
The inverse Laplace transform is defined by

L−1[Φ(ρ)] = φ(ζ) =
1

2πi

ˆ α+i∞

α−i∞
eρζΦ(ρ)dρ, (1.2)

where α is a real constant.

1.2. Definition. Let φ(τ) be an exponential order function in the set

H =
{
φ(τ) : ∃B, α1, α2 > 0, |φ(τ)| < Be|τ |αi , for τ ∈ (−1)i × [0,∞), i = 1, 2

}
.

where B is a finite number and α1, α2 may finite or infinite [13]. Then the Aboodh
transform of the function φ(τ) is given by

A[φ(τ)] = Φ(λ) =
1

λ

ˆ ∞
0

e−λτφ(τ)dτ , α1 < τ < α2, (1.3)

where A is called the Aboodh transform operator.
The inverse Aboodh transform is given by

A−1[Φ(λ)] = φ(τ) =
1

2πi

ˆ β+i∞

β−i∞
λeλτΦ(λ)dλ; β ≥ 0. (1.4)

where β is a real constant.
In the next definition, we introduce the double Laplace-Aboodh transform.

1.3. Definition. The double Laplace-Aboodh transform of the function φ of two
variables ζ, τ > 0 is denoted by LζAτ [φ(ζ, τ)] = Φ(ρ, λ) and defined by

LζAτ [φ(ζ, τ)] = Φ(ρ, λ) =
1

λ

ˆ ∞
0

ˆ ∞
0

e−(ρζ+λτ)φ(ζ, τ)dζdτ , (1.5)

provided the integral exists.

1.4. Definition. The inverse double Laplace-Aboodh transform of the function
φ(ζ, τ) is defined by

φ(ζ, τ) = L−1ζ A
−1
τ [Φ(ρ, λ)] =

1

(2πi)2

ˆ α+i∞

α−i∞
eρζ
(ˆ β+i∞

β−i∞
λeλτΦ(ρ, λ)dλ

)
dρ, (1.6)

where α and β are real constants.

2. Existence and uniqueness of the double Laplace-Aboodh
transform

2.1. Definition. [3] A function φ(ζ, τ) is said to be of exponential orders α, β >
0, on 0 ≤ ζ, τ <∞, if there exists positive constants K, X and Y such that

|φ(ζ, τ)| ≤ Ke(αζ+βτ), for all ζ > X, τ > Y,

and we write
φ(ζ, τ) = o(eαζ+βτ ) as ζ, τ →∞.

Or, equivalently,

lim
ζ→∞,τ→∞

e−(ρζ+λτ)|φ(ζ, τ)| ≤ K lim
ζ→∞,τ→∞

e−(ρ−α)ζe−(λ−β)τ = 0, ρ > α, λ > β.
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THE DOUBLE LAPLACE-ABOODH TRANSFORM 3

2.2. Theorem. [8] Let φ(ζ, τ) be a continuous function in every finite intervals
(0, X) and (0, Y ) and of exponential order e(αζ+βτ), then the double Laplace-
Aboodh transform of φ(ζ, τ) exists for all ρ > α and λ > β.
Proof. Let φ(ζ, τ) be of exponential order e(αζ+βτ), such that∣∣∣φ(ζ, τ)

∣∣∣≤ Ke(αζ+βτ), for all ζ > X, τ > Y.

Then, we have ∣∣∣Φ(ρ, λ)
∣∣∣ =

∣∣∣1
λ

ˆ ∞
0

ˆ ∞
0

e−(ρζ+λτ)φ(ζ, τ)dζdτ
∣∣∣

≤ 1

λ

ˆ ∞
0

ˆ ∞
0

e−(ρζ+λτ)|φ(ζ, τ)|dζdτ

≤ K

λ

ˆ ∞
0

ˆ ∞
0

e−(ρζ+λτ)e(αζ+βτ)dζdτ

=
K

λ

ˆ ∞
0

e−(ρ−α)ζdζ

ˆ ∞
0

e−(λ−β)τdτ

=
K

(ρ− α)(λ2 − βλ)
.

Thus, the proof is complete.

2.3. Theorem. Let Φ1(ρ, λ) and Φ1(ρ, λ) be the double Laplace-Aboodh trans-
form of the continuous functions φ1(ζ, τ) and φ2(ζ, τ) defined for ζ, τ ≥ 0 respec-
tively. If Φ1(ρ, λ) = Φ2(ρ, λ), then φ1(ζ, τ) = φ2(ζ, τ).
Proof. Assume that ω1 and ω2 are adequately large, since

φ(ζ, τ) = L−1ζ A
−1
τ [Φ(ρ, λ)] =

1

(2πi)2

ˆ α+i∞

α−i∞
eρζ
(ˆ β+i∞

β−i∞
λeλτΦ(ρ, λ)dλ

)
dρ,

we deduce that

φ1(ζ, τ) =
1

(2πi)2

ˆ α+i∞

α−i∞
eρζ
(ˆ β+i∞

β−i∞
λeλτΦ1(ρ, λ)dλ

)
dρ

=
1

(2πi)2

ˆ α+i∞

α−i∞
eρζ
(ˆ β+i∞

β−i∞
λeλτΦ2(ρ, λ)dλ

)
dρ

= φ2(ζ, τ).

This proves the uniqueness of the double Laplace-Aboodh transform.

3. Some Useful Properties of Laplace-Aboodh Transform

3.1. Linearity property. If the double Laplace-Aboodh transform of functions
φ1(ζ, τ) and φ2(ζ, τ) are Φ1(ρ, λ) and Φ2(ρ, λ) respectively, then double Laplace-
Aboodh transform of αφ1(ζ, τ)+βφ2(ζ, τ) is given by αΦ1(ρ, λ)+βΦ2(ρ, λ), where
α and β are arbitrary constants.
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4 M. HUNAIBER, A. AL-AATI

Proof.

LζAτ [αφ1(ζ, τ) + βφ2(ζ, τ)] =

ˆ ∞
0

ˆ ∞
0

e−(ρζ+λτ)
(
αφ1(ζ, τ) + βφ2(ζ, τ)

)
dζdτ

= α

ˆ ∞
0

ˆ ∞
0

e−(ρζ+λτ)φ1(ζ, τ)dζdτ

+ β

ˆ ∞
0

ˆ ∞
0

e−(ρζ+λτ)φ2(ζ, τ)dζdτ

= αΦ1(ρ, λ) + βΦ2(ρ, λ) (3.1)

3.2. Change of scale property. Let φ(ζ, τ) be a function such that

LζAτ [φ(ζ, τ)] = Φ(ρ, λ).

Then for α and β are positive constants, we have

LζAτ [φ(αζ, βτ)] =
1

αβ
Φ(
ρ

α
,
λ

β
). (3.2)

Proof.

LζAτ [φ(αζ, βτ)] =
1

λ

ˆ ∞
0

ˆ ∞
0

e−(ρζ+λτ)φ(αζ, βτ)dζdτ.

Let u = αζ, v = βτ , then

LζAτ [φ(u, v)] =
1

αβλ

ˆ ∞
0

ˆ ∞
0

e−(
ρ
α
u+λ

β
v)φ(u, v)dudv

=
1

αβ
Φ(
ρ

α
,
λ

β
).

3.3. Shifting property. If LζAτ [φ(ζ, τ)] = Φ(ρ, λ), then for any pair of real
constants α, β > 0

LζAτ [e(αζ+βτ)φ(ζ, τ)] = Φ(ρ− α, λ− β). (3.3)

Proof. Using the definition of double Laplace-Aboodh transform, we get

LζAτ [e(αζ+βτ)φ(ζ, τ)] =
1

λ

ˆ ∞
0

ˆ ∞
0

e−(ρζ+λτ)e(αζ+βτ)φ(ζ, τ)dζdτ

=
1

λ

ˆ ∞
0

ˆ ∞
0

e−
(
(ρ−α)ζ+(λ−β)τ

)
φ(ζ, τ)dζdτ

= Φ(ρ− α, λ− β).

3.4. Derivatives properties. If LζAτ [φ(ζ, τ)] = Φ(ρ, λ), then

(1). LζAτ
[∂φ(ζ, τ)

∂ζ

]
= ρΦ(ρ, λ)−A[φ(0, τ)]. (3.4)

Proof.

LζAτ
[∂φ(ζ, τ)

∂ζ

]
=

1

λ

ˆ ∞
0

ˆ ∞
0

e−(ρζ+λτ)
∂φ(ζ, τ)

∂ζ
dζdτ

=
1

λ

ˆ ∞
0

e−λτdτ
(ˆ ∞

0

e−ρζφζ(ζ, τ)dζ
)
.
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THE DOUBLE LAPLACE-ABOODH TRANSFORM 5

Using integration by parts, let u = e−ρζ , dv = φζ(ζ, τ)dζ, then we obtain

LζAτ
[∂φ(ζ, τ)

∂ζ

]
=

1

λ

ˆ ∞
0

e−λτdτ
(
−φ(0, τ) + ρ

ˆ ∞
0

e−ρζφ(ζ, τ)dζ
)

= ρΦ(ρ, λ)−A[φ(0, τ)].

(2). LζAτ
[∂φ(ζ, τ)

∂τ

]
= λΦ(ρ, λ)− 1

λ
L[φ(ζ, 0)]. (3.5)

Proof.

LζAτ
[∂φ(ζ, τ)

∂τ

]
=

1

λ

ˆ ∞
0

ˆ ∞
0

e−(ρζ+λτ)
∂φ(ζ, τ)

∂τ
dζdτ

=
1

λ

ˆ ∞
0

e−ρζdζ
(ˆ ∞

0

e−λτφτ (ζ, τ)dτ
)
.

Using integration by parts, let u = e−λτ , dv = φτ (ζ, τ)dτ, then we obtain

LζAτ
[∂φ(ζ, τ)

∂τ

]
=

1

λ

ˆ ∞
0

e−ρζdζ
(
−φ(ζ, 0) + λ

ˆ ∞
0

e−λτφ(ζ, τ)dτ
)

= λΦ(ρ, λ)− 1

λ
L[φ(ζ, 0)].

(3). LζAτ
[∂2φ(ζ, τ)

∂ζ2

]
= ρ2Φ(ρ, λ)− ρA[φ(0, τ)]−A[φζ(0, τ)]. (3.6)

Proof.

LζAτ
[∂2φ(ζ, τ)

∂ζ2

]
=

1

λ

ˆ ∞
0

ˆ ∞
0

e−(ρζ+λτ)
∂2φ(ζ, τ)

∂ζ2
dζdτ

=
1

λ

ˆ ∞
0

e−λτdτ
(ˆ ∞

0

e−ρζφζζ(ζ, τ)dζ
)
.

Using integration by parts, we obtain

LζAτ
[∂2φ(ζ, τ)

∂ζ2

]
=

1

λ

ˆ ∞
0

e−λτdτ
(
−φζ(0, τ) + ρ

{
−φ(0, τ) + ρ

ˆ ∞
0

e−ρζφ(ζ, τ)dζ
})

= ρ2Φ(ρ, λ)− ρA[φ(0, τ)]−A[φζ(0, τ)].

Similarly, we can prove that:

(4). LζAτ
[∂2φ(ζ, τ)

∂τ 2

]
= λ2Φ(ρ, λ)− L[φ(ζ, 0)]− 1

λ
L[φτ (ζ, 0)].

(5). LζAτ
[∂2φ(ζ, τ)

∂ζ∂τ

]
= ρλΦ(ρ, λ)− ρ

λ
L[φ(ζ, 0)]−A[φτ (0, τ)].

4. Convolution theorem of double Laplace-Aboodh transform

4.1. Definition. The convolution of the functions φ(ζ, τ) and ψ(ζ, τ) is denoted
by (φ ∗ ∗ψ)(ζ, τ) and defined by

(φ ∗ ∗ψ)(ζ, τ) =

ˆ ∞
0

ˆ ∞
0

φ(ζ − ε, τ − δ)ψ(ε, δ)dεdδ. (4.1)
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6 M. HUNAIBER, A. AL-AATI

4.2. Theorem. [3] If Φ(ρ, λ) = LζAτ [φ(ζ, τ)], then for constants ε, δ we have

LζAτ [φ(ζ − ε, τ − δ)H(ζ − ε, τ − δ)] = e−(ρε+λδ)Φ(ρ, λ), (4.2)

where H(ζ, τ) is the Heaviside unit step function defined by

H(ζ − ε, τ − δ) =

{
1, ζ > ε, τ > δ,
0, otherwis.

(4.3)

Proof. Using definition of double Laplace-Aboodh transform, we have

LζAτ [φ(ζ − ε, τ − δ)H(ζ − ε, τ − δ)] =
1

λ

ˆ ∞
0

ˆ ∞
0

e−(ρζ+λτ)φ(ζ − ε, τ − δ)H(ζ − ε, τ − δ)dζdτ

=
1

λ

ˆ ∞
0

ˆ ∞
0

e−(ρζ+λτ)φ(ζ − ε, τ − δ)dζdτ , (4.4)

by putting ζ − ε = ϑ, τ − δ = υ, then, we have

LζAτ [φ(ζ − ε, τ − δ)H(ζ − ε, τ − δ)] = e−(ρε+λδ)
1

λ

ˆ ∞
0

ˆ ∞
0

e−(ρϑ+λυ)φ(ϑ, υ)dϑdυ

= e−(ρε+λδ)Φ(ρ, λ). (4.5)

4.3. Theorem. Let Φ(ρ, λ) and Ψ(ρ, λ) be the double Laplace-Aboodh transform
of the functions φ(ζ, τ) and ψ(ζ, τ) respectively, then

LζAτ [(φ ∗ ∗ψ)(ζ, τ)] = λΦ(ρ, λ)Ψ(ρ, λ).

Proof. By definition (1.3), we have

LζAτ [(φ ∗ ∗ψ)(ζ, τ)] =
1

λ

ˆ ∞
0

ˆ ∞
0

e−(ρζ+λτ)(φ ∗ ∗ψ)(ζ, τ)dζdτ

=
1

λ

ˆ ∞
0

ˆ ∞
0

e−(ρζ+λτ)
{ˆ ∞

0

ˆ ∞
0

φ(ζ − ε, τ − δ)ψ(ε, δ)dεdδ
}
dζdτ

Using the Heaviside unit step function

=
1

λ

ˆ ∞
0

ˆ ∞
0

e−(ρζ+λτ)
{ˆ ∞

0

ˆ ∞
0

φ(ζ − ε, τ − δ)H(ζ − ε, τ − δ)ψ(ε, δ)dεdδ
}
dζdτ

=

ˆ ∞
0

ˆ ∞
0

ψ(ε, δ)dεdδ
{1

λ

ˆ ∞
0

ˆ ∞
0

e−(ρζ+λτ)φ(ζ − ε, τ − δ)H(ζ − ε, τ − δ)dζdτ
}
.

By Theorem (4.2)

=

ˆ ∞
0

ˆ ∞
0

ψ(ε, δ)dεdδ
{
e−(ρε+λδ)Φ(ρ, λ)

}
= Φ(ρ, λ)

ˆ ∞
0

ˆ ∞
0

e−(ρε+λδ)ψ(ε, δ)dεdδ

= λΦ(ρ, λ)Ψ(ρ, λ).
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THE DOUBLE LAPLACE-ABOODH TRANSFORM 7

5. The Double Laplace-Aboodh Transform of Some Elementary
Functions

(1). If the function φ(ζ, τ) = 1, then

LζAτ [φ(ζ, τ)] =
1

λ

ˆ ∞
0

ˆ ∞
0

e−(ρζ+λτ)dζdτ =
1

ρλ2
. (5.1)

(2). If the function φ(ζ, τ) = ζτ , then

LζAτ [φ(ζ, τ)] =
1

λ

ˆ ∞
0

ˆ ∞
0

e−(ρζ+λτ)ζτdζdτ =
1

ρ2λ3
. (5.2)

(3). If the function φ(ζ, τ) = ζ2τ 2, then

LζAτ [φ(ζ, τ)] =
1

λ

ˆ ∞
0

ˆ ∞
0

e−(ρζ+λτ)ζ2τ 2dζdτ =
4

ρ3λ4
. (5.3)

(4). If the function φ(ζ, τ) = ζnτm, n,m = 0, 1, 2, ... , then

LζAτ [φ(ζ, τ)] =
1

λ

ˆ ∞
0

ˆ ∞
0

e−(ρζ+λτ)ζnτmdζdτ =
n!m!

ρn+1λm+2
. (5.4)

(5). If the function φ(ζ, τ) = ζστ ν , σ ≥ −1, ν ≥ −1 , then

LζAτ [φ(ζ, τ)] =
1

λ

ˆ ∞
0

ˆ ∞
0

e−(ρζ+λτ)ζστ νdζdτ =

ˆ ∞
0

e−ρζζσdζ

ˆ ∞
0

1

λ
e−λττ νdτ,

let x = ρζ and y = λτ

LζAτ [φ(ζ, τ)] =
1

ρσ+1

ˆ ∞
0

e−xxσdx
( 1

λν+2

ˆ ∞
0

e−yyνdy
)

= Γ(σ + 1)
( 1

ρσ+1

)
Γ(ν + 1)

1

λν+2
. (5.5)

Where, Γ(.) is the Euler gamma function.
(6). If the function φ(ζ, τ) = e(αζ+βτ), α, β = 0, 1, 2, ... , then

LζAτ [φ(ζ, τ)] =
1

λ

ˆ ∞
0

ˆ ∞
0

e−(ρζ+λτ)e(αζ+βτ)dζdλ =
1

(ρ− α)(λ2 − βλ)
. (5.6)

Similarly,

LζAτ [ei(αζ+βτ)] =
1

λ

ˆ ∞
0

ˆ ∞
0

e−(ρζ+λτ)ei(αζ+βτ)dζdτ =
1

λ(ρ− iα)

1

(λ− iβ)

=
(ρλ− αβ) + i(ρβ + αλ)

(ρ2 + α2)(λ3 + β2λ)
. (5.7)

Consequently,

LζAτ [cos(αζ + βτ)] =
ρλ− αβ

(ρ2 + α2)(λ3 + β2λ)
,

LζAτ [sin(αζ + βτ)] =
ρβ + αλ

(ρ2 + α2)(λ3 + β2λ)
.
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8 M. HUNAIBER, A. AL-AATI

(7). If the function φ(ζ, τ) = cosh(αζ + βτ), α, β = 0, 1, 2, ... , then

LζAτ [φ(ζ, τ)] =
1

λ

ˆ ∞
0

ˆ ∞
0

e−(ρζ+λτ) cosh(αζ + βτ)dζdτ

=
ρλ+ αβ

(ρ2 − α2)(λ3 − β2λ)
. (5.8)

(8). If the function φ(ξ, η) = sinh(αζ + βτ), α, β = 0, 1, 2, ... , then

LζAτ [φ(ζ, τ)] =
1

λ

ˆ ∞
0

ˆ ∞
0

e−(ρζ+λτ) sinh(αζ + βτ)dζdλ

=
ρβ + αλ

(ρ2 − α2)(λ3 − β2λ)
. (5.9)

6. Applications

In this section, to establish the efficiency of the suggestion method we consider
second- order linear partial differential equations with initial and boundary prob-
lems. Let the second-order nonhomogeneous linear partial differential equation
in two independent variables (ζ, τ) be in the form:

Aφζζ(ζ, τ) +Bφττ (ζ, τ) + Cφζ(ζ, τ) +Dφτ (ζ, τ) + Eφ(ζ, τ) = h(ζ, τ), (ζ, τ) ∈ R2
+,(6.1)

with the initial conditions:

φ(ζ, 0) = T1(ζ), φτ (ζ, 0) = T2(ζ), (6.2)

and the boundary conditions:

φ(0, τ) = T3(τ), φζ(0, τ) = T4(τ), (6.3)

where A,B,C,D and E are constants and h(ζ, τ) is the source term.
Using the property of partial derivative of the double Laplace-Aboodh transform
for equation (6.1), single Laplace transform for equation (6.2) and single Aboodh
transform for equation (6.3) and simplifying, we obtain that:

Φ(ρ, λ) =
(B + D

λ
)T1(ρ) + B

λ
T2(ρ) + (Aρ+ C)T3(λ) + AT4(λ) +H(ρ, λ)

(Aρ2 +Bλ2 + Cρ+Dλ+ E)
, (6.4)

where H(ρ, λ) = LζAτ [h(ζ, τ)].
Lastly, solving this algebraic equation in Φ(ρ, λ) and taking the inverse double
Laplace-Aboodh transform on both sides of equation (6.4), yields

φ(ζ, τ) = L−1ζ A
−1
τ

[(B + D
λ

)T1(ρ) + B
λ
T2(ρ) + (Aρ+ C)T3(λ) + AT4(λ) +H(ρ, λ)

(Aρ2 +Bλ2 + Cρ+Dλ+ E)

]
,(6.5)

which represent the general formula for the solution of equation (6.1) by double
Laplace-Aboodh transform method.

Example 6.1. Consider the following boundary Laplace equation

φζζ(ζ, τ) + φττ (ζ, τ) = 0, (ζ, τ) ∈ R2
+, (6.6)

with the conditions:{
φ(ζ, 0) = sinh ζ = T1(ζ), φτ (ζ, 0) = 0 = T2(ζ),
φ(0, τ) = 0 = T3(τ), φζ(0, τ) = cos τ = T4(τ).
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THE DOUBLE LAPLACE-ABOODH TRANSFORM 9

Solution:
Substituting

T1(ρ) =
1

ρ2 − 1
, T2(ρ) = 0, T3(λ) = 0, T4(λ) =

1

λ2 + 1
, H(ρ, λ) = 0,

in (6.5) and simplifying, we get a solution of (6.6)

φ(ζ, τ) = L−1ζ A
−1
τ

[ 1

ρ2 + λ2

( 1

ρ2 − 1
+

1

λ2 + 1

)]
= sinh ζ cos τ. (6.7)

Example 6.2. Consider the following boundary Poisson equation

φζζ(ζ, τ) + φττ (ζ, τ) = 2e−ζ+τ , (ζ, τ) ∈ R2
+, (6.8)

with the conditions:{
φ(ζ, 0) = e−ζ + cos ζ = T1(ζ), φτ (ζ, 0) = e−ζ + cos ζ = T2(ζ),
φ(0, τ) = 2eτ = T3(τ), φζ(0, τ) = −eτ = T4(τ).

Solution:
Substituting 

T1(ρ) = 1
ρ+1

+ ρ
ρ2+1

, T2(ρ) = 1
ρ+1

+ ρ
ρ2+1

,

T3(λ) = 2
λ(λ−1) , T4(λ) = −1

λ(λ−1) ,

H(ρ, λ) = 2
λ(ρ+1)(λ−1) ,

in (6.4) and simplifying, we get

Φ(ρ, λ) =

(
2

λ(ρ+1)(λ−1) + 2ρ
λ(λ−1) −

1
λ(λ−1) + 1

ρ+1
+ ρ

ρ2+1
+ 1

λ(ρ+1)
+ ρ

λ(ρ2+1)

)
(ρ2 + λ2)

=
1

λ(ρ+ 1)(λ− 1)
+

ρ

λ(ρ2 + 1)(λ− 1)
. (6.9)

Taking the inverse double Laplace-Aboodh transform of equation (6.9), we get a
solution of (6.8)

φ(ζ, τ) = L−1ζ A
−1
τ

[ 1

λ(ρ+ 1)(λ− 1)
+

ρ

λ(ρ2 + 1)(λ− 1)

]
= e−ζ+τ + eτ cos ζ. (6.10)

Example 6.3. Consider the following nonhomogeneous Wave equation

φττ (ζ, τ) = φζζ(ζ, τ) + 6τ + 2ζ, (ζ, τ) ∈ R2
+, (6.11)

with the conditions:{
φ(ζ, 0) = 0 = T1(ζ), φτ (ζ, 0) = sin ζ = T2(ζ),
φ(0, τ) = τ 3 = T3(τ), φζ(0, τ) = τ 2 + sin τ = T4(τ).

Solution:
Substituting 

T1(ρ) = 0, T2(ρ) = 1
ρ2+1

,

T3(λ) = 6
λ5
, T4(λ) = 2

λ4
+ 1

λ(λ2+1)
,

H(ρ, λ) = 6
ρλ3

+ 2
ρ2λ2

,
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in (6.4) and simplifying, we get

Φ(ρ, λ) =
1

ρ2 − λ2
(6ρ

λ5
+

2

λ4
+

1

λ(λ2 + 1)
− 1

λ(ρ2 + 1)
− 2

ρ2λ2
− 6

ρλ3

)
=

6

ρλ5
+

2

ρ2λ4
+

1

λ(λ2 + 1)(ρ2 + 1)
. (6.12)

Taking the inverse double Laplace-Aboodh transform of equation (6.12), we get
a solution of (6.11)

φ(ζ, τ) = L−1ζ A
−1
τ

[ 6

ρλ5
+

2

ρ2λ4
+

1

λ(λ2 + 1)(ρ2 + 1)

]
= τ 3 + ζτ 2 + sin ζ sin τ. (6.13)

Example 6.4. Consider the following nonhomogeneous Heat equation

φτ (ζ, τ) = φζζ(ζ, τ)− φ(ζ, τ) + 1, (ζ, τ) ∈ R2
+, (6.14)

with the conditions:{
φ(ζ, 0) = 1 + sin ζ = T1(ζ), φτ (ζ, 0) = −2 sin ζ = T2(ζ),
φ(0, τ) = 1 = T3(τ), φζ(0, τ) = e−2τ = T4(τ).

Solution:
Substituting 

T1(ρ) = 1
ρ

+ 1
ρ2+1

, T2(ρ) = −2
ρ2+1

,

T3(λ) = 1
λ2
, T4(λ) = 1

λ(λ+2)
,

H(ρ, λ) = 1
ρλ2
,

in (6.4) and simplifying, we get a solution of (6.14)

φ(ζ, τ) = L−1ζ A
−1
τ

[ 1

ρ2 − λ− 1

( ρ
λ2

+
1

λ(λ+ 2)
− 1

ρλ
− 1

λ(ρ2 + 1)
− 1

ρλ2

)]
= L−1ζ A

−1
τ

[ 1

ρλ2
+

1

λ(ρ2 + 1)(λ+ 2)

]
= 1 + e−2τ sin ζ. (6.15)

conclusion
In conclusion, double Laplace-Aboodh transform is an influential transform among
all the integral transforms of exponential sort kernels, the double Laplace-Aboodh
transform method for solving partial differential equations is studied. We showed
the popular properties and theorems for double Laplace-Aboodh transform and
equipped some examples.

References

1. K. S. Aboodh, The New Integral Transform ”Aboodh Transform” Global Journal of Pure
and Applied Mathematics ISSN 0973-1768 Volume 9, Number 1 (2013), pp. 35-43.

2. K. S. Aboodh, A. Idris and R.I. Nuruddeen, On the Aboodh Transform Connections with
Some Famous Integral Transforms, International Journal of Engineering and Information
Systems (IJEAIS), 1(9)(2017) 143-151.

GSJ: Volume 10, Issue 3, March 2022 
ISSN 2320-9186 2064

GSJ© 2022 
www.globalscientificjournal.com



THE DOUBLE LAPLACE-ABOODH TRANSFORM 11

3. S. Ahmed, T. Elzaki, M. Elbadri and M. Mohamed, Solution of Partial Differential Equa-
tions by New Double Integral Transform (Laplace - Sumudu Transform), Ain Shams Engi-
neering Journal 2020.

4. S. Alfaqeih, Misirli E., On Double Shehu Transform and Its Properties with Applications,
International Journal of Analysis and Applications 2020; 3: 381-395.

5. S. Alfaqeih, T. Ozis, First Aboodh Transform of Fractional Order and Its Properties Inter-
national Journal of Progressive Sciences and Technologies (IJPSAT) ISSN: 2509-0119.Vol.
13 No. 2 March 2019, pp. 252-256.

6. S. Alfaqeih, T. Ozis, Note on Double Aboodh Transform of Fractional Order and Its Prop-
erties, OMJ, 01 (01): 114, ISSN: 2672-7501.

7. R. Chaudhary, S. D. Sharma, N. Kumar and S. Aggarwal, Connections between Aboodh
Transform and Some Effective Integral Transforms, International Journal of Innovative
Technology and Exploring Coefficients Engineering (IJITEE), 9 (1) (2019) 2278-3075.

8. L. Debnath, The Double Laplace Transforms and Their Properties with Applications to
Functional, Integral and Partial Differential Equations, Int. J. Appl. Comput. Math 2016;
2: 223-241.

9. R. Dhunde, G. Waghmare, Double Laplace Transform Method in Mathematical Physics,
International Journal of Theoretical and Mathematical Physics 2017; 7(1): 14-20.

10. H. Eltayeb, A. Kilicman, A note on solutions of wave, Laplace’s and heat equations with
convolution terms by using a double Laplace transform, Applied Mathematics Letters 2008;
21: 1324-1329.

11. S. B. Kiwne, S. M. Sonawane, On the Applications of Laplace - Aboodh Transforms in
Engineering Field and Comparison with Sumudu Transform, Global Journal of Pure and
Applied Mathematics, 15 (6) (2019) 1079-1101.

12. S. Maitama, W. Zhao, New Integral Transform: Shehu Transform a Generalization of
Sumudu and Laplace Transform for Solving Differential Equations, International Journal
of Analysis and Applications, 17(2)(2019) 167-190.

13. T. G. Thange, A. R. Gade, On Aboodh Transform for Fractional Differential Operator,
Malaya Journal of Matematik, 8 (1) ( 2020) 225-229.

14. D. Verma, Applications of Laplace Transformation for Solving Various Differential Equa-
tions with Variable, IJIRST-International Journal for Innovative Research in Science and
Technology, 4 (11)( 2018) 2349-6010.

1 Department of Mathematics, Faculty of Education and Sciences, Albaydha
University, Yemen.

E-mail address: hunaiber2021@gmail.com

2 Department of Mathematics, Faculty of Education and Sciences, Albaydha
University, Yemen

E-mail address: alati2005@yahoo.com

GSJ: Volume 10, Issue 3, March 2022 
ISSN 2320-9186 2065

GSJ© 2022 
www.globalscientificjournal.com


	1. Introduction
	1.1. Definition
	1.2. Definition
	1.3. Definition
	1.4. Definition

	2. Existence and uniqueness of the double Laplace-Aboodh transform
	2.1. Definition
	2.2. Theorem
	2.3. Theorem

	3. Some Useful Properties of Laplace-Aboodh Transform
	3.1. Linearity property
	3.2. Change of scale property
	3.3. Shifting property
	3.4. Derivatives properties

	4. Convolution theorem of double Laplace-Aboodh transform
	4.1. Definition
	4.2. Theorem
	4.3. Theorem

	5. The Double Laplace-Aboodh Transform of Some Elementary Functions
	6. Applications
	References



