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Abstract. In this paper we study the existence of solutions for initial value problem
for a class of nonlinear Caputo-Hadamard fractional differential equations with nonlocal
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1 Introduction

In this paper we deal with the existence of solutions for non-local initial value prob-
lem (IVP for short), for fractional order differential equation with Caputo-Hadamard
fractional derivative:

‘DYy(t) = f(t,y(t), [{y(t)), te J:=[1,T], 0 <a<1. (1)

y(1) =y + (), (2)

where f : J xR xR — R is a given function, y; € R, and “Df, I} are the
Caputo-Hadamard fractional derivative and the Hadamard integral operators and ¢ :
C(J,IR) — IR is a continuous function.
The nonlocal condition can be applied in physics with better effect than the classical
initial condition y(0) = yo. For example, ¢(y) may be given by

p

p(y) =Y cylts).
=1
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where ¢;,7 = 1,2,...,p are given constants and 0 < ... < ¢, < T. Nonlocal condi-

tions were initiated by Byszewski [3] when he proved the existence and uniqueness of
mild and classical solutions of nonlocal Cauchy problems. As remarked by Byszewski
[4, 5],the nonlocal condition can be more useful than the standard initial condition to
describe some physical phenomena.

This paper is organized as follows. In Section 2, we will recall briefly some basic
definitions and preliminary facts which will be used throughout the following section.
In Section 3, we give two results, the first one is based on Schauder’s fixed point theorem
(Theorem 3.1) and the second one on the Banach contraction principle (Theorem 3.2).
Finally, in Section 4 an example is given to demonstrate the application of our main
results. These results can be considered as a contribution to this emerging field.

2 Preliminaries

In this section, we introduce notations, definitions, and preliminary facts which are
used throughout this paper.

By C(J,R), we denote the Banach space of continuous functions from J into R with
the norm

[Ylloo = supfly(@®)] - ¢ € T}

, by AC(J,R), we denote the space of absolutely continuous functions from J, into R

Definition 2.1 .([7], [10]) Let 0 < a < b < oo, and h : [a,b] — R, is a function.
The Hadamard fractional integral of order a € Ry of the function h is defined by

oh(t) = ﬁ / (zogé)a—l@ds, teab]

where I'(.) is the gamma function.

Definition 2.2 .([7], [10]) Let 0 < a < b < oo, and h : [a,b] — R, is a function.
The Hadamard fractional derivative of order « €]0,1] of the function h is defined by

1 d [t t.__ h(s)
Doh(t) = —t— log—)"*——=ds, t b
h(0) = Frrmarty [ s E s, v e fa
Obuviously, we can obtient
tia I'(5) t\ grae t s I'(8) t\sa
Ial —ﬂlz—l “\B+a—1 Dal —'Blz—l “\B—a—1
a (log=) F(6+a)< 0g~) , Da(log~) F(/B_Oé)(oga)

The following properties are some of the main ones of the fractional Hadamard inte-
grals and derivatives operators.
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Proposition 2.1 (/10]) Let o, >0, and 1 < p < +oo0 Then we have
(1) 12: LP(J,Ry) — LP(J,Ry), and if f € LP(J,R,), then
ISIDf(t) = IRI5 f(t) = 157 ().

(2) The fractional integration operator I is linear

(8) The fractional order integral operator 1S maps LP into itself continuously.

Definition 2.3 (/10]). Let 0 < a < b < 00 and 1 < p < +o00. The Caputo-Hadamard
fractional derivative of order o €]0,1] of the function h € LP([a,b],R) is defined by

‘Dgh(t) = Dg[h(t) — h(a)], t € [a,b]

If h € AC([a,b],Ry), then Caputo-Hadamard fractional derivative has the following
equivalent formulation

1 o
cDa —_ " 4 “\—anl
0~ o oa) s € [0,
Lemma 2.1 ([7], [10]) Let 1 < p < 400 and-a > 0 be such that n = [a] + 1.
(1) If h € C([a,b], Ry); then D (I%h(t)) = h(t), t € [a,b].
(2) If h € AC([a,b],Ry), then I® (*DIR(E)) = h(t) — h(a), t € [a,b].
The following theorems will be needed.

Theorem 2.1 (Schauder fized point theorem) ([10]) Let E a Banach space and Q be
a convex subset of E and F : ) — @Q 1is compact, and continuous map. Then I has
at least one fized point in Q.

3 Existence of solutions

Let us start by defining what we mean by an integrable solution of the problem (1)—(2).

Definition 3.1 . A function y € C(J,R) is said to be a solution of IVP (1) — (2) if y
satisfies (1) and (2).

For the existence of solutions for the problem (1) — (2), we need the following auxiliary
lemma.

Lemma 3.1 The solution of the IVP (1)—(2) can be expressed by the integral equation

y(t) =y —g(y) + ﬁ/l (logé)o‘_lf (s,y(sl, Ilay(S»ds, forteJ (3)
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Proof. Assume that y € C(J,R) is a solution of the integral equation (3).

Obviously we obtain y(1) = y; and t — I®y(t) € C(J,R).

The continuity of f and definition of Hadamard integral I guarantee that ¢ +—
f(t,y(t), Ify(t)) is continuous as well and

Iilf(tv y(t)v ]fy<t>>|t:1 =0

Since t — I f(t,y(t), I{y(t)) is continuous, then we have y is differential for t € J (see
(3)) then y € AC(J,R).

From Lemma (2.1), we have
CDYITf(ty(t), Ty (t) = f(t,y(t), [Ty(t), forte ]
On the other hand,
1 t

DO ~ ] = Frrmay | (os) "luls) = ml'ds

1 Lot
= F(l——oz)/l (5095) y'(s)ds
= “DYy(t), forteJ

By all above, we conclude that y € C(J,R) is a solution of the problem (1) and (2)
Let us introduce the following assumptions:

(H1) f:J xR* — R is continuous.

(H2) There exists a constants, K > 0 and 0 < L < 1 such that:
|f(t,ur,v1) — f(t, uz, v2)| < K|ug — us| + L|vy — vy, for any s, ug, v1,vs € R and
telJ.

(H3) there exist a constant K > 0 such that

|90(u) - 90(ﬂ>| < f{'|u - E| for any u,u € O(J> IR)a

(H4) there exists a constants M > 0 such that

lo(y)| < M,Vy € C(J,R).

Our first result is based on Schauder fixed point theorem.
Theorem 3.1 Assume that the assumptions (H1) — (H4) are satisfied. If

K(logT)*  L(logT)*
I'a+1) TI'(2a+1)

then the IVP (1) — (2) has at least one solution y € C(J,R).

<1, (4)
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Transform the problem (1) — (2) into a fixed point problem. Consider the operator

defined by:

Let

where

and consider the set

H: C(J,IR) — C(J,IR)

(Hy)(t) =y +(y) + Tt y(t), [Ty(t)),

‘y1| —l—M—i- [*(logT)™

. I'(a+1)
- K (logT)« L(logT)?2«
1 - (Fasy + Taarn)

f* = Supt€J|f(t7 07 0)|

B, = {y € C(J;R)/|lyllo <}

Clearly B, is nonempty, bounded, convexand closed.
Now, we shall show that H satisfies the assumption of Schauder fixed point theorem.
The proof will be given in three parts.

Step 1. H is continuous

Let (y,) be a sequence such that y, — y in C(J,R) if t € J

then

For t € J, we have

[H(yn) (1) = H(y)(1)]

then

1H (yn) = H(Y) oo

IN

ININ TN

IN

1H (yn) () = H(y) () ]loc =0

l0(Yn) — p(y) + I (5,yn(s), ITyn(s)) — f(s,9(s), fi”y(S))]%

||yn - yHOO

[ (un) = (W) + IT1F (5, Yn(s), ITyn(s)) = f(s,y(s), [Ty(s))]

Klyn =yl + I [Klyn(s) = y(s)] + LI ya(s) = y(s)])]

Kyn =yl + K(If|ya(s) — y(s)]) + LU yn(s) — y(s)])
Rl = vl + s o = ol + T

~  K(logT)*  L(logT)*

IH(yn) — H(Y)|loo = 0 as n — o0
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Consequently, H is continuous.
Step 2. HB, C B,,
let y € B, then

R e e R A (RO

dt

il + o)l + 7 [ QoD ewe) w5

IN

I L N dt
il + )|+ g7y [ (tos2 (170000, I20(0) = £(8.0.0)1 + 1£(2.0.0)) S

IN

IN

il + o) + gy | (oo D) LA (e wl0) FEu(e) = 720,01
L[t dt
+ i | GerD) 0,001

By (H2) and (H3) we have

oo < fnlfe M+ s [ o 0 s [ o o)

wy ¥ W dt Ko ('t dt
< M wy ya—1 bt » N “ya—1 -

L ('t
el A R T

Hence

)  K(logT)~
a+1) + Fa+1) 19lloe +
T T

( L(logT)**
(o +

) K(log
(v +

I'2a+1)
)* . LllogT)™
T Tat 1)

1Hylloo < [yu] +M + 19]lo

og
o9
['(a+1) T a

r<r

Then HB, C B,.

Step 3. H is compact
Now, we will show that HB, is relatively compact, meaning that H is compact. Clearly
HB, is uniformly bounded because by Step 2, we have H(B,) = {H(y) : y € B,} C B,
thus for each y € B, we have ||[H(y)|lc < r which means that H(B,)is uniformly
bounded. It remains to show that HB, is equicontinuous
Let t1,ty € J;t; < ty, and let y € B,, then

) 0) ~H))| = s [ 1on) 7 st TS
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1 t2 tg a—1 o ds
Sl R R XTORATEIE
n tl a—1 « ds
- . (log;) f(37y(s)a11 y(S))?|
1 " 12 a1 tiya1 a ds
= Tl [ 00 — gy y(e). T S

[ o) ) u(9) S

t1

M t tg tl ds t2 t2 ds
< l _a—l_l “Iya—-17122 / l ZiNa—172
< r@)/l (log73)" — oy 17 + [ “l(tog 2y

M t t2 tl ds t2 tg ds
< l _oafl_l “iya-17177 / l Zeya—17"7
< F(a)|/1 [(log) (log—)*7]— + 5 [(fog—2)" "

M

< ((log(t2)* — (log(t,)* + 2<Zog§—j>a1

I'(l4+a)

Hence [H(y)(t1) —H(y)(t2)] — 0 as |[t; —t2| — 0 where M > 0 is a constant independent
of t; and t5. It implies that HB, is equicontinuous. From Arzela-Ascoli Theorem, we
imply that HB, is relatively compact.

As a consequence of Schauders fixed point theorem the IVP (1) — (2) has at least one
solution in B,.

Theorem 3.2 Assume that the assumptions (H1) — (H3) and if

~  K(logT)*  L(logT)*
I
T Tat) TTRatD

<1, (5)

then there ezists a unique solution for IVP (1) — (2) on J.

Proof
Let z,y € C(J,R), for t € J, we have

HO)O ~HWO! < o) = o) + i [ (ogD s.0(6) ) = s, o)) 2]

< lea) = o)l + g [ GogD) IKIy(s) = (9] + LUTly() = a(e) D)
< Rlo—ul+ gg5 | GooD) o) = 2(6)/ T+ LUEly(s) = ()
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then

~ K(logT)~ L(logT)*®

_ < Kllo— AT ey — NIy —
I0) = @l < Rllo =l + oy 19 = ol + gl =l
~  K(logT)* = L(logT)**
< (4 B UGT 2y

a+1) T'(2a+1)

Consequently by (5), the operator H is a contraction. Hence, by Banach’s contraction
principal, H has a unique fixed point y € C'(J,R), which is a solution of the problem

(1) = (2).
3.1 Example

Let us consider the following fractional initial value problem,

1 —t
D7 y(t) = ‘ te =1, (6)

(et + m)(1 # O] 2@

y(1) - Z cylti) =1, (7)

where 0 < t; < ty << t, <1 and ¢; = 1,...,n are positif constants with

- 1
;Ci < g

Set
e—t

(et+m)(1+y+2)

flt,y,z) = (t,y,2) € J x [0,400) x [0,400).

and

ply) = Z ciy(ti)

Clearly, the function f is continuous.
For each y1,ys, 21, 20 € X[0,+00) and ¢ € [1,¢] : Then we have

|f(t7y1a Zl) - f(tay2722)|

et 1 1
et + <1+y1+zl B 1—|—y2~|—22)‘
et 1 1
et+7r‘1—|—y1+zl B 1—|—y2—|—22‘

e (lyr — gl + |21 — 20])
(e +m)(L+y1 +21) (1 + y2 + 22)

|f(t,?/1, Zl) - f(tay2722)| =
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ot
< - _ _
= (et+7r)(|y1 y2|+|21 22|)
e~ ! e~ !
< —y1 — + ——|21 — 29].
= (e+ﬂ>!y1 Yol (e+7r)‘ 1 2|

Hence the condition (H2) holds with K = L = ::r
On the other hand, we have

n

n
g ciu—g cu
i=1

i=1

n
< Zci |u —
i=1

|o(u) = p(a)] =

< —|u—1.

1
5
Hence the condition (H3) holds with K = L.
We shall check that eondition (5) is satisfied with T =€, and o = 1. Indeed

[

7y K(logT)* . L(logT)* y % N ( e ! )(Fl 1

Mo b1 ' T@atD) ) (7 +F(2)) ~033<1. (8

Then by Theorem 3.2, the problem (6) — (7) has a unique solution on [1, e].
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