Global Global Scientific Journal | www.globalscientificjournal.com
Scientific B
JOURNALS Volume 14, Issue 6, June 2026 Edition | ISSN 2320-9186

Bohr Radius Extensions for Bounded Linear
Operators on Infinite-Dimensional Space

Emmanuel Okai Botwe Senior!, William Obeng-Denteh?,
Jeffery Ezearn®, and Kwame Piesie Frimpong?

"Department of Mathematics, Kwame Nkrumah University of
Science and Technology

2Department of Mathematics, Kwame Nkrumah University of
Science and Technology

SDepartment of Mathematics, Kwame Nkrumah University of
Science and Technology

“Department of Mathematics, Kwame Nkrumah University of
Science and Technology

Page 1 of 6



Global Global Scientific Journal | www.globalscientificjournal.com
Scientific
JOURNALS Volume 14, Issue 6, June 2026 Edition | ISSN 2320-9186

Abstract

This manuscript investigates the concept of the operator Bohr ra-
dius within the framework of functional analysis, particularly in the
context of bounded linear operators on Banach and Hilbert spaces.
We extend classical Bohr-type inequalities to operator-valued analytic
functions and derive bounds for various operator classes including nu-
clear and Hilbert—Schmidt operators. The study culminates in a sharp
characterization using the unilateral shift operator on ¢?(N).

1 Introduction

The classical Bohr radius problem, originating from Harald Bohr’s work in
complex analysis, seeks the largest radius ry such that the sum of the moduli
of coefficients of a bounded analytic function remains bounded by 1 within
the unit disk. This concept has been extended to operator-valued functions,
where the coefficients are bounded linear operators on a Banach or Hilbert
space.

2 Background

This work started the journey, Let

f(z)= Z anz"
n=0

be analytic in the unit disk with |f(2)| < 1.[5]
Bohr’s inequality states that

oo
D anll2[* <1 for |z < 4.
n=0

The constant 3 is known as the Bohr radius|7][6]
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3 Definition

Linear Operator
A linear operator 7' : V — W between vector spaces V and W over the
same field satisfies:

Tu+wv)=T(u)+Tw), T(aw)=aT(v)
for all u,v € V' and scalars «[1][§]

Bounded Operator
A bounded operator is a linear operator T : X — Y between normed
spaces such that there exists C' > 0 with

|IT(2)|| < C|lz|| Yz e X.
The smallest such C' is called the operator norm of 7. [9]

Dual Space
The dual space X* of a normed space X is the set of all bounded linear
functionals f: X — R (or C). [2].

Continuity
An operator T': X — Y is continuous if for every sequence z,, — x in X,
we have T'(z,) — T'(x) in Y. For linear operators between normed spaces,
continuity is equivalent to boundedness. [10]

Banach Space
A Banach space is a complete normed vector space, meaning every Cauchy
sequence in the space converges to a limit within the space [1][3].
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4 Main results

Let X be a Banach (or Hilbert) [5] space and L(X) the space of bounded
linear operators on X. [4] For an operator-valued analytic function

F(z) = ZAnz”, A, e L(X), |F(2)] <1forlz <1,
n=0
the operator Bohr radius R is the largest ry > 0 such that

Z |A,|r" <1 forall 0 <r <.

n=0

5 Radius of Convergence

Theorem 5.1. Let R.o,, be the radius of convergence of ZZOZO ApZ" in op-

erator norm. Then )

hm Supn%oo |An | Ln’

Rconv =

and any Bohr radius ro must satisfy ro < Reony.

6 Special Operator Classes

6.1 Nuclear Operators

Proposition 6.1. If A, are nuclear (trace-class) operators with nuclear

norm | - |1, then
1

rog < —————.

6.2 Hilbert—Schmidt Operators
Proposition 6.2. If A,, are Hilbert—Schmidt operators with norm | A, |2, then

1 1
ro < ——, and R< ——M——.
0= Sup,,>o | An| 3sup,,q |Anl2
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7 Sharp Application: Unilateral Shift

Theorem 7.1. Let M be the unilateral shift on (*(N), defined by M(e,) =

en+1. Consider
o0

F(z) =) _M"z", |M"|=1.
n=0

Then
> 1
Z|M"]r":—§1 — Tﬁ%.
o 1—r

Hence, the operator Bohr radius coincides with the classical scalar value 1/3.

8 Conclusion

This study establishes foundational bounds for the operator Bohr radius
across various operator classes and highlights the sharpness of the classi-
cal bound in the operator setting. Future work may explore analogues and
connections with operator-valued Hardy spaces.
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