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Abstract

This study give an overview of the dynamics of diabetes mellitus and its complications in a population. Five stages of the
disease progression and control are incorporated into the formulated mathematical model of the dynamics of diabetes and its
complications. The disease prevalence equilibrum states are obtained from the model equations. The stability of the disease
prevalence equilibrum states of the system are analyzed using the constructed quadratic Lyapunov function method. The
disease prevalence equilibrum states was found to be locally and globally asymptotically stable.
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1.0 Introduction

The concept of stability in problems arising from theory and application of differential equations is very
important and an effective approach is the method of Lyapunov (Omeike, 2008). The method of Lyapunov
functions was introduced by Aleksandra M. Lyapunov, a Russian Mathematician. The fundamental of his proof
was centred on the established fact that the sum of energy in a system is decreasing or constant as it approaches
state of equilibrum. Lyapunov functions are useful tools in determining stability, asymptotic stability, uniform
stability, global stability or out-right instability of differential system (Ogundare 2012, Ezeilo et al., 2010,
Omeike, 2008, Afuwape, 2010). Lyapunov theorem allow stability of linear and nonlinear system to be verified
without differential equations solution being required. The presence of Lyapunov function implies asymptotic
stability for linear time-invariant systems (Lars et al., 2006). Lyapunov functions have been constructed for
linear equa-tions on the platform that given any V that is definite positive, we have another definite positive

function U suchthat _ g7 — I;
Also, if we consider linear system that is autonomous and we want to applied theory of Lyapunov to examine
the stability of the system, for the sake of argument, let - — xT M~ Where M is a positive definite matrix.

Then, f/ — M+ ME - Let ET M + ME =—Q, Q is positive definite. The existence of positive

definite ¢ guaranteed stability (global asymptotic) of the linear system. ET M + ME =—O is called the
equation of Lyapunov. Before solving for M, we established that £ is stable, so that given any © > 0, we have
M > 0, the normal method is to solve for M and set O =1(Hedrick and Girard, 2005; Aye et al.,2018;
Ignat’ev, 2011; Griggs et al., 2010).

2.0 Model Formulation

The model equations are formulated using first order differential equations. Improving on the work of Enagi e?
al.(2017), we proposed a mathematical model of diabetes and its complications incorporating positive lifestyle
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and effective management of diabetes condition as control. Based on their health status, the model population
are classified into five classes. They are healthy class H(?), susceptible class S(?), diabetic without complications
class D(?), diabetic with complications classC(?) and diabetic with complications that undergo treatment class
T(t). We assume that diabetes disease infections can either be acute or chronic.

In this model, we assume that the healthy individual will give birth to a healthy children that will be born into
healthy compartment while parent who is diabetic or have history of diabetes will give birth to children with
genetic factors that will be born into susceptible compartment. The proportion of children born into healthy
compartment is denoted by 8 while proportion of children that are born into susceptible compartment is denoted
by 1- 6.

In formulating this model, we introduce a control parameters bbb is a measure of positive lifestyle in

the susceptible class, such that o B =1 g =0 indicate negative lifestyle and B =1 indicate positive
1 1 1
lifestyle. ¢ , is a measure of effective management of diabetes condition in the compartment of diabetics
2
without complications, such that o - ¢ <1- ¢ _ o indicate ineffective management of diabetes condition
2 2

and b, =1 indicate effective management of diabetes condition.
2

Table 3.1: Definition of variables of the model

S/N Variables | Description

1 H) Healthy class

2 S(t) Susceptible class

3 D(t) Diabetics without complications class

4 C@) Diabetics with complications class

5 1) Diabetics with complications undergoing treatment class
6 N@) Total population

Table 3.2: Definition of parameters of the model

S/N Parameters Description

Probability rate of incidence of diabetes

Birth rate

Natural mortality rate

Rate at which healthy individual become susceptible
Rate at which susceptible individual become healthy
Rate at which D(?#) develop a complications

Rate at which C(?) are treated

W N

Rate at which C(?) after treatment return to D(z)
Mortality rate due to complications

O 03O LD
RO LN QIT®R

10 Proprotion of children born into the healthy class

11 1 Measure of positive lifestyle in S(?) class

12 R Measure of effective management of diabetes condition in D(?) class
13 1-0 Proportion of children born into the susceptible class
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Figure 2.1 : Schematic diagram of model

2.2 The Model Equations
The model equations are stated as follows in (2.1) to (2.5)

dgft) = oS (t) — uH (1) — TH (¢) + SO
B _ (- 0)- us@ + a1 )~ ol - g 5@ — 50

g =ali-g s+ ore - al- g o0 - wow

%Et) = ;L(l - ¢2)D(t)* yC(t)— 5C(¢)— pC(2)
dT (1)

dt

=7C@) — T () — p1()

The initial values conditions are H(o) = H,, S(0) =S,, D(0) = D,,€(0) = C, and T(0) =T,

33 Disease Prevalence Equilibrum State of Equations (2.1) to (2.5)
LO—H(t)+ oS(t)— uH (t)=0

BU—0)+ (1)~ uS()— il =gp J5()~ 8() = 0
all— ¢ Js(0) + T (¢) — 1) — 21— b, JD(1) =0
A1 =g, JD(2)— () — 5 () — yC(r) = 0

yC(t) = T (¢) = 1T ()=0

Rearranging (2.10), we obtain

1

=—(u+a@)r

Ve
From (2.6)
S =i(,u+z')H _pe

O O
Substitute (2.12) into (2.7) gives

LU —0)+H — (,u+o-+a1— {—(y+z-)H '8'9:| 0

,8(1—6')+2'1-1—l(,u+0'+a( )Xy+r)H+i(y+a+a( ¢)),86’ 0
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~(uroral-¢ ))(uw)}

(ox

B(1— 49)+H|: z—é(lu+o-+a(l—¢l))ﬂ6’

Multiply throughout by o

HTO'—(,U+O'+0!(1 ¢)X,Ll+TJ— (,u+0'+a( ¢»ﬁ0 ,80'(1 (9)

—pllu+o+ali-g o+ o(-0) (2.13)
|_TO' (,u+0'+a(1 ¢ )X,u—t—z')J

Substitite (2.13) into (2.12) gives

S=l|: (,u+r)|_(,u+0'+a( ))9-0—0'(1 Q)J,B_ :| (2.14)

o lZ'O' (/.1+0'+a( )X,u+r)J

Substitute (2.14) into (2.8) gives

H =

“A—¢) (ﬂ+r)[(”+0+a( pJo+oli- H)Jﬂ T - e
o l: |_To‘ (,u+a+a( ¢)X,U+T)J }+w _(,U+ ( ¢2))D_ (2.15)

Substitute (2.11) into (2.9) gives

/1(1—¢2)D—(#+5+7)[%(#+w)TJ=0

1
D= (ee+ S5+ y N u+o)T
/’L}/‘l—¢2i

Substitute (2.16) into (2.15) gives

a(1—¢1){ (,u+z-)[(,u+o-+a( ))9+o-(1 49)]ﬁ }
|_ro- (,u+o-+a( )Xy+r)J

T_(#+/1(1—¢2))
4]

T{ wiy(l—g )~ (u+ jy(l(__%z)))(ﬂ + 5+ W u+ w)}

(2.16)

(e

(u+S+y)u+w)=0

:—a(1—¢){(ﬂ+f)[(ﬂ+a+a( ))9+a(1 9)13 }
o | oleroral-gere)

_ a27(1—¢1X1—¢2) |:(,u+z')[(,u+0'+a( ))9+0'(1 0)18
a)ﬂy(l—¢2)—0'(,u+l(l—¢2)X,u+5+7/)(,u+a)) |_ro- (,u+a+a(1 ¢)X,u+r)J

(2.17)

Substitute (2.17) into (2.16) gives
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D:

a(1—¢lxu+5+;/)(lu+a)) {(,u +.T [(,u+a+a( ))9+0'(1 6’)]ﬂ 9}
a)lya(l — ¢2)— O'(y + /1(1 — ¢2)Xy +0+ 7/)(,u + a)) |_ (,u +o+ a(l ¢ )X,u + Z')J

.(2.18)

Substitute (2.17) into (2.11) gives

) - Ji- @ Ju+ o) [w[(wm( Jp+o(1-0) e]ﬁ%}
w170(1—¢2)—a(y+ﬁ(l—¢2)x,u+5+7)(y+w) [ (,u+0'+a(1 ¢1)Xy+r)J

The disease prevalence equilibrum state E (H* .S.D.C. T*) of the system (2.1) to

(2.5) is given as follow:

. —,Bl(,u+0'+a( »9+O'(1 ¢9)J

H =T5= (ymm( SN+ o) 220

S*: 1{—(,u+2')l(,u+a+a( ))9+O'(1 Q)J,B }
[ro—lur o+ ali—g N+ o)

o

@2.21)
_ a(l—¢lx,u+5+y)(,u+a))
aﬂyo-( ¢ ) (/1 + /”L( )X/.z +5+yNu+ )

(u+ T)[(,u to+ a(l = ))9 +o(l— 9)]5 } (2.22)
|_TO' (,u+ O'+0(( )X,u+T)J

al(l - ¢IXI ~ ¢2Xy + )

N a)ﬂ,ya( ¢2) (,u + ﬁ,( )Xy +0 + 7/)(,u -+ a))

(y + T)[(,u +0o+ a( ))9 + O'(l 6’)]ﬂ } (2.23)
lro- (,u + 0+ a( )X,u + z')J

) i~ )i o)
a)ﬂy( ¢) (,u+/'t( )X,u+5+7/)(,u+a))

{(# + r)[(u vorall-g o +ol- 6’)]ﬂ } (224)
S PR ) P

3.0 Asymptotic Stability of the Disease Prevalence Equilibrum State Equations (2.1) to (2.5)

S

Q

3.1 Lyapunov Stability of Linear System
Given that the dynamical system is of linear form:

x = FEx 3.1
Let M > 0 be a symmetric, positive definite matrix, then we define

V(x)=x" Mx (3.2)

V(x)= xTMx + xTM)'c
= FE" x Mx+ x' MEx
= X' (E" M+ MEK

f/(x) = F' M+ ME (3.3)
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Theorem 3.1: A linear system X = EX is local asymptotically stable if and only if for any symmetric, positive
definite Q, there exist a corresponding symmetric, positive definite M so that

E' M +ME=-Q (3.4)
Theorem 3.2: Let .;C = E(x),x e R" .The system (origin) is globally asymptotically stable if and only if
there exists a positive definite matrix Az = MT =~ ( so that ET M + ME 1s negative definite or

E" M+ ME - Equivalently if, for a given o-— QT ~ o> itispossible to finda ps — A >0 50 that

then the system is globally asymptotically stable (Griggs et al., 2010).

"M + ME =—
Proof: E Q

Choose a7 = J': etETQe'Edt
E'M+ME=| (ETe’E o +F Qe’EE)dt

N d tE" tE

Il oear
tET tE | oo

=et oe”;

- -0
Theorem 3.3: If 93¢ Ax (E)<o0 Vk , then for given every o-— QT ~ o there exists a unique

M = MT > 0 satisfying the Lyapunov equation so that the system is globally
asymptotically stable (Griggs et al., 2010).

E M + ME ==Q

Proof:
[ (,u+r) o 0 0 0 |
T —(y+0'+a(l—¢l)) 0 0 0
(3.5)
Jacobianmarix = 0 a(l - ¢1) - (,u + l(l - ¢2)) 0 @
0 0 1(1—¢2) —(u+o5+y) 0
L0 0 0 y ~(u+ o)
Let
-7, & 0 0 o |
T —-77, (0] (0] (0]
E = (0] P> —77, (0] @
o) o) o 17, 0
L © 0 0 7o TS (3.6)
Where
7, =H+T (3.7
GSJ© 2021
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n7,~urorali-g)
17,=u+2li-g.)
774:,u+5+;/

7,= e
g:a(l—¢l)
p=a01-¢,)

To show that (3.6) is stable, we first determine the eigenvalue.

=1,-pr 0 0 0 T 0 0 0
¢ om0 e | om0 @
(_771_” ‘ ~ %o n - 0
0 10 -1,-P 0 ®» n,—r
0 0 vy -n-e 00 roooTne
B/ 0 @ /P 0 @
Cn-ekn-rl o mee 0 w0 pee 0
/A I R R A
N s |
Cn-rkn-p-wlio  -n-r o |0
0 4 =1.—r

(nm.+m,0+1.0+ p ~wo \17,-pk-17,- Pk-17,~ P)=0

From (3.14), we obtain the eigenvalue as follows:

__ (771 i 772)i \/(771"'772)2 - 4(77l 7,— w) ,

1,2 2

All the eigenvalue is nonpositive, (3.16) is stable.

-7, T 0 (0) (0]

0 0 o -7, 7

(0) (0] ] (0) —177.

We choose o— QT _ 7 so from equation ET M + ME = —1I , we obtain
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M, M., M., M. M:

M., M M., M. M.
M=\M,: M., M;: M: M:

M., M. M. M. M.

(M. Mw M M. M. 3.16)
-, . o o o |[M, M, M. M. M,:]

c -n, € 0 o || M. M. M, M. M,

M23 M34 M35

M14 M24 M44 M45

_M15 M45 Mss_

(3.17)

TMlz_nan TM22_771M12 TMzs_nan z-M24_771]‘414 TM25_771M15

O—M11_772M12+‘9M13 UM12_772M22+€M23 O-M13_772M23+€M33 6M14_772M24+5M34 0M1s_772M25+5M35

E M= ¢M14_773M13 ¢M24_773M23 (/)M34_773M33 (/’M44_773M34 ¢M45_773M35

7M15_774M14 7M25_774M24 7M35_774M34 7M45_774M44 7M55_774M45

lez_nles wMza_nsts wM33_775M35 wM34_n5M45 sts_nsMss

M, M, M M., M:s| -n o 0 0

M. M: M. M. M:;|l « -, o 0
ME=\M: M» M M. M:|| o e -1, 0 @

M. M M. M. M.i|| 0 -

Ms M. M. M. Ms]| o o y -n.
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_TMlz_nan
TM22—771M12
ME =

TM237771M13

TM24_77,M14

_TM25_77]M15

Evaluating (3.4), we obtain equations (3.20) to (3.44)

0 O]
0 0
0 0
sl
0 —1]

oM.—N,M.+teM
oM.—1,M»+cM,,
oM =1, M »+eM
oM .—1,M.+eM s,

O-M15_772M25+‘9M35

27—]\412_27711\411:_1
M7, v 17)M o M+ M, =0

—+
—+

T M (771

1M+ M,,=0

z'M24 (771+774)M14+7/M15:0
TMzs_(nl_'_ns)Mls_'—a)Mls:O
O_M“_(771+772)M12+£M13+TM22=0

20 M= 277, M 2+ 26 M 2, =1
oM~ 07,17 )Mo+ e Mo+ 2 M2 =0
M= 07,417 )M e+ Mo+ 7 M2 =0
oM~ 07, 17 )M s+ 5 Mo+ © M, =0
o M.—7,+17)M .+ M., =0
oM~ 07, + )M+ o Mo+ e Mo =0
20 M =217, M 1, =—1

P M .07, 412, )M+ ¥ M =0

oM ..—1,M s
oM.~ M,
M s—1 M s
M ..~ M,

¢M45_773M35
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yMis—n,M .
M .s—n,M .,
YMss—1 M s
M .s—n,M .

7/M55_774M45

316

les_nles_
wM23_775M25
a)Mss_nsMss

wM34 - 775M45

wM}s - 775M55_

(3.18)

(3.19)

(3.20)
(3.21)
(3.22)
(3.23)

(3.24)
(3.25)

(3.26)
(3.27)
(3.28)
(3.29)
(3.30)
(3.31)
(3.32)
(3.33)
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PM s~ 07,17 )M s+ @ AL =0 (3.34)
7M15—(77,+774)M14+TM24=0 (3.35)
7M25_(772+774)M24+O'M|4+5M34:0 (3.36)
7M35—(773+774)M34+¢M44=0 (3.37)
2y M s =21, M =1 (3.38)
¥y Mss—07, 417 )M s+ @ M ., =0 (3.39)
@M~ 07,417 )M s+ 7 M ..=0 (3.40)
@M 07, 17)M s+ o M s+ & M 1, =0 (3.41)
M~ 07, +17.)M s+ 9 M 1,0 (3.42)
oM ., —(774+ 775)M45 +7 M =0 (3.43)

2wM3572775M55:71

Solving (3.20) to (3.44), we obtain the component of symmetric matrix M.

(3.44)

3.2 Condition for local stability

From Theorem (3.2), the local asymptotic stability of the equilibrum points of system (2.1) to (2.5) holds,
provided the following conditions are met.

A =|AL,|>0

M. M.
AL = >0
MZ! M22
M., M. M:i
A M Mw M,
M13 M23 M23
M, M. M M.
M. M- M. M.,
A4: >0
M, M. M- M.
M. M. M. M.

M, M. M M. M:
M12 M22 M23 M24 Mzs
A5:M13 M23 M33 M34 M35>0
M14 M24 M34 M44 M45
M.s M., M;:s M. M ss
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A, >0,r=1,---,5, it means that M is definite positive matrix. The model is locally asymptotically

stable.
33 Condition for global stability

From Theorem (3.3) , we have

M, M. M:; M. M: M, M. M:s M., M:
M. M, M., M. M. M., M., M., M., M.
Av=Mys M., Msys M. Ms=Ay=M: M» M, M: M;|=
M. M. M. M. M. M. M. M. M. M.

MIS MZS M35 M45 MSS MIS M25 M35 M45 MSS

M=A[f">0 satisfying the Lyapunov equation E M+ ME=-0- Equation (2.1) to (2.5) is globally
asymptotically stable.

4.0 Conclusion

The study analyzed the stability of disease prevalence equilibrum state of the model. The model equations has
no disease free equilibrum state; this is consistent with the dynamics of the disease as it/has no cure and hence
the disease remain prevalent in the population. Quadratic Lyapunov function method was constructed and used
to analyze the condition for local and global stability of Disease Prevalence Equilibrum state of the model.

With reference to the control measure incorporated into the model equations, the epidemiological implication of
the Local Asymptotical Stability (LAS) analysis and Global Asymptotical Stability (GAS) analysisof the
system (2.1) - (2.5) at the disease prevalence equilibrum state show that the disease can be controlled.
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