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Abstract—This paper studies the modeling and control of
quadcopter. It models the quadcopter nonlinear dynamics
using Lagrange formalism and design controller for attitude
(pitch & roll), heading & altitude tracking of the quadrotor.
Mathematical modeling includes aerodynamic effects and
gyroscopic moments. One Non-linear Control strategy,
Third-Order Sliding Mode Control (TOSMC), based on a
supertwisting algorithm has been proposed. The Controller
has been implemented on the quadrotor physical model using
Matlab/Simulink software. Finally, the performance of the
proposed controller was demonstrated in the simulation
study. The simulation results show excellent modeling and
control performance.
1

Index Terms— TOSMC, Lagrange, Mathematical Modelling,
Quadrotor, MATLAB/Simulink.

1.

INTRODUCTION

Unmanned Aerial Vehicles (UAVs), especially multi-rotors,
are becoming the mainstream in the civilian realm for
performing a wide range of applications involving detection,
recognition, and identification of different objects of interest.
This is due to the advantages that this kind of aircraft presents
in comparison to others like vertical takeoff and landing,
hovering, the ability to follow a sharp trajectory, among
others.
One of the most popular multirotors today is the quadrotor.
This multirotor is highly nonlinear, under-actuated, and
subject to disturbances and parameter uncertainties. Most of
the research carried out on this platform has tackled the
stabilization and trajectory tracking problems. There are
several interesting robust flight controllers proposed for
solving the stabilization problem, e.g. super twisting control
algorithm [1], fuzzy control [2], a backstepping approach
taking into account the actuator faults [3], among others.

Moreover, for the trajectory tracking problem, a feedback
linearization controller with a high-order sliding mode
observer [10], a backstepping control with a sliding mode
observer [11], a combination of backstepping and sliding
mode control [12], have been applied with satisfactory
results.
Furthermore, linear adaptive methods such as model
reference adaptive control have been suggested [13].
However, as for most linear methods, the achievable
trajectory of the quadrotor is restricted due to the assumption
of linearization. [14] proposed feedback controllers, which
are based on a hierarchical control algorithm. The attitude is
governed by employing a hybrid controller to overcome the
well-known topological constraint, employed as a virtual
input to stabilize the aircraft position, but still, there is a
tracking problem.
The work in [15], designed a backstepping controller with
integral action and suggested a single tool to design attitude,
altitude, and position control. The modeling considered the
rotor dynamics approximated to first-order transfer function
but did not consider the aerodynamics disturbances.
Considering fault-tolerant control (FTC), various nonlinear
algorithms including backstepping, sliding mode, and
adaptive FTC approaches for quadrotor attitude and altitude
tracking can be found in [16], [17], and the references
therein. However, in many existing works in the literature,
backstepping controllers have only been developed for the
position (i.e., outer-loop) control of quadrotors [18].
In summary, the literature on quadrotor control ignores the
aerodynamic effect, air disturbance, and gyroscopic moment
in the dynamic modeling of the quadrotor. Besides, in the
case of sliding mode controller implementation, it does not
reduce both the control effort and chattering effect.

GSJ© 2020
www.globalscientificjournal.com

GSJ: Volume 8, Issue 9, September 2020
ISSN 2320-9186

2101

This paper uses a novel approach to address the above
problems. It also designed a novel third-order SMC
controller with minimum tracking error.
The paper is organized into five sections. In section 1, it
introduces the quadrotor UAV. In Section 2, it models the
physical system by considering the aerodynamic and
gyroscopic effects. In Section 3, it designs second-order
SMC based on the supertwisting algorithm. In Section 4, it
presents the simulation results obtained from the control
implementation of the physical system in the Simulink
environment. Finally, in Section 5, it shows the control
inputs and then concludes the work.

2.

ξ=  x,y,z  

η=  φ,θ,ψ  

3

3

(2.4)

ξ=  x,y,z  denotes the position vector of the center of mass

of the quadrotor relative to the fixed inertial frame and
η=  φ,θ,ψ  denotes the orientation of the quadrotor to the
inertial frame. This is shown in Fig. 1 below

MATHEMATICAL MODELLING

In this section, a complete dynamical model of Quadrotor
UAV is established using the Lagrange formalism.
2.1 Rotational Matrix
The orientation of the quadrotor is represented by Euler
angles (pitch, roll, and yaw).To transform the body-fixed
frame into the inertial frame; the z-y-x rotational matrix is
considered [4].
To avoid the system singularities, it is important to assume
the angle bound
-π
π -π
π
<φ< ; <θ< ;-π<ψ<π
(2.1)
2
2 2
2

Figure 1 Typical quadrotor schematic diagram with the
body and inertial frames [5]
2.2 Forces, Moments and Torques on Quadrotor
2.2.1 Thrust forces
Quadrotor has four propellers so that it produces four thrust
forces.
4

0 
1 0


R(x,φ) =  0 cφ -sφ 
 0 sφ cφ 


 cψ

R(z,ψ) =  sψ
 0


F=  Fi

 cθ 0 sθ 


R(y,θ) =  0 1 0 
 -sθ 0 cθ 



F=F1 +F2 +F3 +F4

(2.6)

2.2.2 Moments

-sψ 0 

cψ 0 
0 1 

(2.2)

Gyroscopic Moment: There are two gyroscopic torques, this

is due to the motion of the propeller (Mgp) and the quadrotor
body (Mgb) [11] given by:

The Euler rotation about z-y-x or R xyz is given by

4

M gp     0, 0, J r (1)i 1 wi 

Rxyz = R(z,ψ) R(y,θ) R(x,φ)
 cψcθ

=  sψcθ
 -sθ


(2.5)

i=1



i 1

sφsθcψ-sψcθ cφsθcψ+sψsφ 

sφsθsψ+cψcφ cφsθsψ-sφcψ 

sφcθ
cφcθ


(2.7)

M gb    J 

(2.3)

 I xx

J=  0
 0


The studied quadrotor rotorcraft is detailed with their bodyand inertial frames Fb =(b,x b ,yb ,zb ) and Fi =(G,x G ,yG ,zG )
respectively.
The model partitions naturally into translational and
rotational coordinates [6]

0
I yy
0

0 

0 
I zz 

(2.8)

(2.9)

Since the quadrotor geometry is symmetric, Ixy = Ixz= Iyx =
Iyz = Izx = Izy = 0.Where Ω is the vector of angular velocity
in a fixed earth frame.
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 .
φ
 .
Ω=  θ 
 .
ψ 
 
Aerodynamic friction moment: the quadrotor moves in the
air, due to this it is subjected to aerodynamic friction. The
torque caused by this the aerodynamic friction is called
aerodynamic friction moment. It is given by:

 .
M a = diag(k4, k5 ,k6 )  φ2


Τ

.
.

θ2 ψ2 


(2.10)

diag(k 4 ,k 5 ,k 6 ) are the aerodynamic friction coefficient and



 0 


R xyz  0 
 4 
 F
 i 
 i =1 

 τφ 
 
 τθ 
 τψ 
 

.
 .


k
x
(cφsθcψ+sψsφ)u
-k
x
1
1
1




. 
 .

-  k 2 y  =Fξ =  (cφsθsψ-sθcψ)u1 -k 2 y  (2.15)
 .


.
(cφcθ)u1 -k 3 z
 k3 z 







.
- .
. .

2 
 τφ -J r Ωr θ-(I zz -I yy )θ ψ -k 4 φ 
. 

- .
. .
- M a - M gp - M gb = τ =  τ θ +J r Ωr φ-(I xx -I zz )φ ψ -k 5 θ 2 


.
. .
2


τ
-(I
-I
)θφ-k
ψ
ψ
yy xx
6





(2.16)

.

η 2 are the angular velocity square vector for rotational

dynamics.
2.2.3 Torques
Pitch torque

Computing the Lagrange partial differential equation for all
six generalized coordinates, get the following differential
equations
..
u k .
x =(cφsθcψ+sψsφ) 1 - 1 x
(2.17)
m m

It is directly proportional to the difference of the thrust
force generated by the second and fourth propellers (F4 -F2 )

..

y =(cφsθsψ-sθcψ)

u1 k 2 .
- y
m m

(2.18)

[7-9].

τ φ = l(F4 -F2 )

..

(2.11)

z =(cφcθ)

Roll torque

u1 k 3 .
- z -g
m m

(2.19)

-

τ φ J r Ωr . (I zz -I yy ) . . k 4 . 2
φ=
θθψ- φ
I xx I xx
I xx
I xx
..

It is directly proportional to the difference of the thrust force
generated by the first and third propellers (F3 -F1 ) [7-9].

τ θ = l(F3 -F1 )

-

..

Yaw torque

..

which is directly proportional to the difference of thrust
force generated by all propellers [7-9].

τψ = c(F1 -F2 +F3 -F4 )

.

τ
J Ωr φ (I xx -I zz ) . . k 5 .2
θ= θ + r
φψθ
I yy
I yy
I yy
I yy

(2.12)

ψ=

τ ψ (I yy -I xx ) . . k 6 . 2
θφ ψ
I zz
I zz
I zz

(2.13)

3. CONTROL SYSTEM DESIGN

To obtain the quadrotor dynamics in terms of Lagrange, we
use the Lagrange partial differential equation.

3.1 THIRD ORDER SLIDING MODE





(2.21)

(2.22)

2.3 Modeling with Lagrange formalism

d L L

F
dt  q. q

(2.20)

CONTROLLER
(2.14)

Where F= Fξ ,τ . We can calculate the translational and

3.1.1 Super-twisting algorithm
Consider once more the dynamical system of relative
degree 1 and suppose that
.

σ =h(t,x)+g(t,x)u

rotational components as follows



  Udt+k σ
Where k a is a positive constant
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Furthermore, assume that for some positive constants C,

K M , K m , UM , q
.

   Udt+k σ

h +U M g  C,0  K m  g(t,x)  K M ,

h
< qU M ,0<q<1
g

(3.3)

.

.

-u,for u >U M
u= 
(3.4)
 -αsign(  ),for u <U M

1

U=-λ  2 sign(  )+u

Theorem: with K m α > C and λ sufficiently large, the
controller (3.3) guarantees the appearance of a 2-sliding

g (t , x)  

(c c )
m

The state-space equation for pitch is as follows
.

x7 = x8
.

(3.9)

-

x8 = a1u2 +a2 Ωr x10 +a3 x10 x12 -k 4a1x8

, U M  and stays there. It never leaves the

segment, if the initial value is inside at the beginning. A
sufficient (very crude!) condition for the validity of the
theorem is

k3
x6  g and
m

For 

.

2

.

Then the linear sliding surface form as σ = ce+ e c > 0 ,
if c is larger then the sliding dynamics decays rate is larger.
.

.

d

λ>

(3.8)

3.1.1.2 Design of Sliding mode control for attitude (  ,  )

mode     0 in the system, which attracts the
trajectories in finite time. The control u enters in a finite time
M

..

h(t , x)  3 x5d  x6  x5d 

Then the control signal becomes

 -U

sign(σ)

3

From the above 3.7, we assign

.

segment

2

.

d
Where e = x 7 - x 7 and e = x 7 - x 7 . By select c be 3,

2
(K m α+C)K M (1+q)
(K m α -C)

then the sliding surface become
(3.5)

K m 2 (1-q)

.

σ = 3e + e

(3.10)

Proof
.

Then computing σ gets
.

.



..

  3 x7 d  3x8  x7 d  a2 r x10  a3 x10 x12  k4 a1 x82  a1u2

3.1.1.1 Design of Sliding mode control for altitude (z)
The state-space equation for altitude is as follows

(3.11)

.

x5 = x6

(3.6)

u k
x6 = (cφcθ) 1 - 3 x6 -g
m m
.

.

.

the sliding surface become

σ = 3e + e

.

.

..

..



and g (t , x)  a1
For 

(3.7)

.

x9 = x10
.

-

x10 = a4u3 +a5 Ωr x8 +a6 x8 x12 -k 5a4 x10

get

  3 x5d  x6  x5d  (cc )

(3.12)

The state-space equation for the roll is as follows
.

Then computing σ

sign(σ)

h(t , x)  3 x7 d  3x8  x7 d  a2 r x10  a3 x10 x12  k4 a1 x8 2

d
Where e = x 5 - x 5 and e = x 5 - x 5 . By select c be 3, then

.

3

.

.

.

2

From the above equation, we assign

Then the linear sliding surface form as σ = ce+ e c > 0 ,
if c is larger then the sliding dynamics decays rate is larger.
d

   Udt+k σ

u1 k3
 x6  g
m m

(3.13)
2
.

(3.8)

Then the linear sliding surface form as σ = ce+ e c > 0 ,
if c is larger, then the sliding dynamics decays rate is
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.

.

.

d
Where e = x9 - x9 and e = x 9d - x 9 . By

larger.

the control system designed on the quadrotor physical
system.

select c be 3, then the sliding surface become
.

σ = 3e + e

(3.14)

.

Then computing σ get
.

.



..

  3 x9 d  3x10  x9 d  a5 r x8  a6 x8 x12  k5 a4 x10 2  a4u3
(3.15)

   Udt+k σ

2

3

sign(σ)

(3.16)

From the above equation, we assign
.



..

h(t , x)  3 x9 d  3x10  x9 d  a5 r x8  a6 x8 x12  k5 a4 x10 2
and g (t , x)  a4
3.1.1.3 Design of Sliding mode control for heading (  )
Figure 2 Control system scheme block diagram

The state-space equation for yaw is as follows

3.3 Reference or desired values for tracking

.

x11 = x12

(3.17)

.

 zd  0.5  t
  0.174sin(t )
 d

  d  0.174sin(t )
 d  0.174sin(t )

2

x12 = a8 x10 x8 -k 6a7 x12 +a7u4
.

Then the linear sliding surface form as σ = ce+ e c > 0 , if

c is larger, then the sliding dynamics decay rate is larger.
.

d

.

.

(3.21)

d
Where e = x11 - x11 and e = x11 - x11 . By select c be 3,

3.4 Calculated Controller parameters for tracking

then the sliding surface becomes
.

σ = 3e + e

(3.18)

.

TABLE I. Tracking problem controller parameters for
sliding mode control

Then computing σ we get
.

.

The controller parameters listed below in Table 1 are
calculated based on the above theorem.

..

  3 x11d  3x12  x11d  a8 x10 x8  k6 a7 x12 2  a7u4

(3.19)
Variables/states

 for Supertwisting SMC

 for Supertwisting SMC

Z(altitude)

100

15

Pitch(phi)

20

8

h(t , x)  3 x  3x12  x  a8 x10 x8  k6 a7 x12 and

Roll (theta)

20

8

g (t , x)  a7

Yaw (psi)

20

8

   Udt+k σ

2

3

sign(σ)

(3.20)

From the above equation, we assign
.

..

d
11

d
11

2

3.2 Designed control system scheme block diagram
A diagram of the proposed control approach can be seen in
Fig.2. The diagram clearly illustrates the implementation of
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4. Simulation results and Analysis
4.1 Parameters used for simulation
TABLE II Physical parameters for quadrotor [11]
Parameter

Value and unit

Arm Length(l)

0.5m

Total mass

0.5 kg

Quadrotor mass moment of
inertia (I)

diag (0.005,0.005,0.01)
kgm2

Motor inertia (Jr )

2.8385*10-5 N.m/rad/s2

Lift Coefficient (b)

2.984*10-5

Drag Coefficient(d)

3.3*10-7

Aerodynamic friction
Coefficients (K1,2,3)
Translational drag
Coefficients (K4,5,6)
Gravitational
acceleration(g)

Figure 4 Pitch Tracking controller performance using thirdorder SMC

0.3729
5.56*10-4
9.81 m/s2

4.2 Simulation graphs and Analysis
In this section, numerical simulations are carried out on the
quadrotor system to validate the control performance of the
proposed sliding mode control. For simulation purposes, the
parameters listed in Table 2 are used.
Figure 5 Roll tracking controller performance using thirdorder SMC

Figure 3 Altitude tracking controller performance using
third-order SMC
Figure 6 Yaw (heading) regulation controller performance
using third-order SMC
The overall results are shown in Fig. 3, Fig. 4, Fig. 5, and
Fig. 6, respectively.Fig.3 demonstrates the tracking
performance of altitude, which is shown that the response of
the quadrotor can follow the desired value as closely. Fig. 4,
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Fig. 5, and Fig. 6 show the tracking performances of the three
Euler angles, i.e., pitch, roll, and yaw, respectively. It shows
that the quadrotor tracks the reference values for three Euler
angles as closely as possible with minimum error.
It can be seen from the above simulation results that the
proposed third-order sliding mode control is effective and
accurate.

plot, the quadrotor has given the mission to track desired the
three-dimensional trajectory indicated by the blue solid line
described using the above parametric equations. As
expected, the designed controllers for the three variables
enable the quadrotor to track perfectly the desired threedimensional trajectory.

4.3 3D tracking using third-order super twisting SMC

2. Oblique helix tracking

1.Regular helix tracking

In this section, the oblique helix tracking performance of the
designed controller is demonstrated using the three
controlled variables. The variables are roll, heading, and
altitude. The variables selection among the four candidates
is based on one from altitude, one from attitude, and one from
heading. The desired trajectory is an oblique helix generated
from the parametric equations below.

In this section, the helix tracking performance of the
designed controller is demonstrated using three controlled
variables. The variables are pitch, heading, and altitude. The
variables selection among the four candidates is based on one
from altitude, one from attitude, and one from heading. The
desired trajectory is a regular helix generated from these
parametric equations below. The base of the regular helix is
an ellipse.

 xd  d  4sin(t )

 yd   d  5cos(t )
 zd  zd  2  t


 xd   d  5t

 yd   d  5cos(t )

zd  zd  t


(3.22)

(3.23)

xd , yd and zd are the desired trajectories in the x-axis, y-

xd , yd and zd are the desired trajectories in the x-axis, y-

axis, and z-axis respectively.

axis, and z-axis respectively.

Figure 8 3D oblique helical trajectory tracking using
second-order SMC

Figure 7 3D regular helical trajectory tracking using
second-order SMC
In Fig.7, the result shows the tracking controller performance
of the designed pitch, heading, and altitude controller on
three-dimensional space. As seen from the three-dimensional

In Fig.8, the result shows the tracking controller performance
of the designed roll, heading, and altitude controller on threedimensional space. As seen from the three-dimensional plot,
the quadrotor has given the mission to track the desired threedimensional trajectory indicated by the blue solid line
described by the above parametric equations. As expected,
the designed controllers for the three variables enable the
quadrotor to track perfectly the desired three-dimensional
trajectory.
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4.5 Third-order SMC controller performance measures
In this section, the designed third-order SMC controller
performance for tracking is measured in terms of the
performance index. Performance indexes are used to
measure the controller's effectiveness and accuracy. In this
case, the designed controller performance is measured in
terms of integral square error (ISE), integral absolute error
(IAE), integral time square error (ITSE), and mean square
error (MSE) performance indexes.
These indexes' numerical values are tabulated in the table
below.
TABLE III Higher-order SMC controller performance
measures

References

Performance measure indexes
Controlled
variable
ISE

Altitude

IAE

ITSE

To verify the performance and efficiency of the controller, a
simulation is done via Matlab/Simulink. Besides, four
performance indexes are implemented to test the
effectiveness and accuracy of the designed controller. Third
order SMC is designed for four output-controlled variables
separately. The controlled variables are altitude, pitch, roll,
and yaw. The third-order SMC is implemented on the
physical system for tracking problems. The controller is very
effective; it can track the desired trajectory with fast &
smooth response and good stability as shown from both
simulation and performance index measures. Overall, the
third-order SMC controller designed for the quadrotor for
tracking is effective and has excellent performance.

MSE

0.04

0.15

0.00074

0.017

pitch

0.001

0.0034

0.0006

0.0003

Roll

0.002

0.0069

0.00001

0.0006

Yaw

0.002

0.0003

0.00005

0.0003

As we have seen from Table 3 that all performance measures
numerical values are less than 0.05. This indicates the
designed controller is highly effective and accurate in
trajectory tracking.

Conclusion
In this paper, the nonlinear dynamic model of the quadrotor
is derived using Lagrange formalism. The model contains
two parts namely translational and rotational dynamics
(Euler-angle dynamics). The nonlinear model includes the
gyroscopic moments induced due to the rotational motion of
the quadrotor body & propellers mounted on rotor .Besides,
the aerodynamic friction moment & force are considered in
the modeling. After the derivation of the dynamic model, a
nonlinear control strategy (third-order SMC) based on a
super-twisting algorithm is designed.
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APPENDICES
Mathematical calculation of control performance index

ISE   e2 (t )dt
IAE   e(t ) dt
ITSE   te2 (t )dt
MSE 

 e(t )
t
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